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Abstract 

We establish equivalences of the following three triangulated categories: 

-Dquantum(g) < ► D^^^^^j.^^^{Af) < > Dporvcrsc (Gr) . 

Here, -DquantumCs) is the derived category of the principal block of finite dimensional representations 
of the quantized enveloping algebra (at an odd root of unity) of a complex semisimple Lie algebra 
0; the category ^^jjercnt (•^) defined in terms of coherent sheaves on the cotangent bundle on the 
(finite dimensional) flag manifold for G (= semisimple group with Lie algebra g), and the category 

erverse(Gr) is the derived category of perverse sheaves on the Grassmannian Gr associated with the 
loop group LG^ , where is the Langlands dual group, smooth along the Schubert stratification. 

The equivalence between -Dquantum(0) and ^^jjercnt (•^) 'enhancement' of the known ex- 

pression (due to Ginzburg-Kumar) for quantum group cohomology in terms of nilpotent variety. The 
equivalence between -Dpcrvcrsc(Gr) and ^Ji^hcrcnt (•'^^ '^^'^ ^'^ viewed as a 'categorification' of the iso- 
morphism between two completely different geometric realizations of the (fundamental polynomial 
representation of the) affine Hecke algebra that has played a key role in the proof of the Deligne- 
Langlands-Lusztig conjecture. One realization is in terms of locally constant functions on the flag 
manifold of a p-adic reductive group, while the other is in terms of equivariant ii'-theory of a complex 
(Steinberg) variety for the dual group. 

The composite of the two equivalences above yields an equivalence between abelian categories of 
quantum group representations and perverse sheaves. A similar equivalence at an even root of unity can 
be deduced, following Lusztig program, from earlier deep results of Kazhdan-Lusztig and Kashiwara- 
Tanisaki. Our approach is independent of these results and is totally different (it docs not rely on 
representation theory of Kac-Moody algebras). It also gives way to proving Humphreys' conjectures 
on tilting f7q(0)-modules, as will be explained in a separate paper. 
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1 Introduction 

1.1 Main players. Most of the contents of this paper may be roughly summed- up in the fol- 
lowing diagram of category equivalences (where 'Q' stands for "quantum", and 'P' stands for 
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"perverse"): 

Lusztig multiplicity 



In this diagram, G is a connected complex semisimple group of adjoint type with Lie algebra g. 
We fix a Borel subgroup B C G, jwrite b = Lie B C fl for the corresponding Borel subalgebra, 
and n for the nilradical of b. Let M :~ G y.B n be the Springer resolution, and Coh^^'^ (Af) the 
abelian category of G x C*-equivariant coherent sheaves on Af, where the group G acts on Af by 
conjugation and C* acts by dilations along the fibers. Further, let U be the quantized universal 
enveloping algebra of g specialized at a root of unity. The category block (U) on the left of 
stands for a mixed version, see [BCtSI Definition 4.3.1] or Sect. 19.21 below, of the abelian category 
of finite-dimensional U-modules in the linkage class of the trivial 1-dimensional module. Finally, 
we write D'^C for the bounded derived category of an abelian category C. 

Forgetting part of the structure one may consider, instead of block (U), the category block(U) 
of actual (non-mixed) U-modules as well. Forgetting the mixed structure on the left of diagram 
corresponds to forgetting the C*-equivariance in the middle term of i.e., to replacing 

G X C*-equivariant sheaves on Af by G-equivariant ones. Although this sort of simplification may 
look rather attractive, the resulting triangulated category D^^y^^^^^^IAJ") that will have to replace 
the middle term in the diagram above will no longer be the derived category of the corresponding 
abelian category CohP{Af) and, in effect, of any abelian category. This subtlety is rather technical; 
the reader may ignore it at first reading. 

Finally, let G^ denote the complex connected and simply-connected semisimple group dual 
to G in the sense of Langlands. We write Gr for the loop Grassmannian of G^. The Grassmannian 
has a standard stratification by Iwahori (= affine Borel) orbits. The strata, usually called Schubert 
cells, are isomorphic to finite dimensional affine-linear spaces. We let 'Perv{Qr) denote the abelian 
category of perverse sheaves on Gr which are constructible with respect to this stratification, and 
we write Verv (Gr) for its mixed counterpart, the category of mixed ^-adic perverse sheaves, see 
[BBD]. 

The main result of the paper says that all three categories in are equivalent as trian- 

gulated categories. Furthermore, we show that the composite equivalence P~^oQ is compatible 
with the natural t-structures on the categories on the LHS and RHS of Hl.l.l|) . hence induces 
equivalences of abelian categories: 

block(U) ~ 7'erw(Gr) . (1.1.2) 

This yields, in particular, the conjecture formulated in [GK,§4.3], relating quantum group coho- 
mology to perverse sheaves on the loop Grassmannian. 

The equivalence in (|1.1.2|l also provides character formulas, conjectured by Lusztig [L3] and 
referred to as "Lusztig multiplicity" formulas in (|l.l.l|l . for simple U-modules in the principal 
block in terms of intersection homology sheaves on the loop Grassmannian. Very similar character 
formulas have been proved earlier by combining several known deep results due to Kazhdan-Lusztig 
[KL2], Kashiwara-Tanisaki [KT]. 



1.2 Relation to results by Kazhdan-Lusztig and Kashiwara-Tanisaki. For each negative 
rational number fc(='lever), Kashiwara and Tanisaki consider an abelian category Mod^(i^) of 
G-equivariant holonomic modules over a sheaf of twisted differential operators on the affine 
flag variety, with a certain monodromy determined by (the denominator of) k. This category 
is equivalent via the Riemann-Hilbert correspondence to ^^^^^(Gr*^), a category of monodromic 



2 



perverse sheaves. The latter category is defined similarly to the category Verv{Gr) considered in 
H1.1.2|l . with the following two differences: 

• The Grassmannian Gr*^ stands for the loop Grassmannian for the group G rather than for 
the Langlands dual group ; and 

• The objects of Vervk{Gr'~^) are perverse sheaves not on the Grassmannian Gr'^ itself but on 
the total space of a C*-bundle (so-called determinant bundle) on the Grassmannian, with 
monodromy along the fibers (determined by the rational number k). 

Further, let g be the afRne Lie algebra associated with g and Rep{UkQ) the category of g- 
integrable highest weight g-modules of level k — h, where h denotes the dual Coxeter number 
of the Lie algebra g. Kazhdan and Lusztig used a 'fusion type' product to make Rep{UkS) ^ 
tensor category. On the other hand, let U be the quantized enveloping algebra with parameter 
q := exp(7rV— 1/d • k), where c? = 1 if g is a simple Lie algebra of types A,D,E, d = 2 for types 
B, C, F, and d = 3 for type G. Let Rcp(U) be the tensor category of finite dimensional U-modules. 
In [KL2] the authors have estabhshed an equivalence of tensor categories Rep(U) Rep{UkQ)- 
The subcategory block(U) C Rep(U) goes under the equivalence to the corresponding principal 
block block(Z^feg) C Rep{UkQ)- 

Each of the categories VervkiGr'^), block(Zifcg) andMod^(^), comes equipped with collections 
{A^l^gY, resp., {V^l^gY, of so-colled standard, resp., costandard oh]ects, all labelled by the same 
partially ordered set Y. In each case, one has 

ExtXA.,V,) = |^ (1.2.1) 

This is essentially well-known: in the case of category h\ock{UkQ) a proof can be found e.g. [KL2]; 
in the case of Vervk{Gr'^), isomorphism (|1.2.1|l follows from a similar formula for the Ext-groups 
in Z?''(Gr'^), a larger triangulated category containing the abelian category Vervk{Gr^) as a sub- 
category, and a result of BGS, Corollary 3.3.2] saying that the Ext-groups in the two categories 
are the same. By the equivalence Mod^(i^) = 'Pervk{Gr'^), the isomorphism in H1.2.1() holds also 
for the category Mod^(^). To sum-up, the categories h\ock{Uk2), 'Peri;fe(Gr'^) and Mod^(f^) are 
highest weight categories in the terminology of .CPS . 

Kashiwara-Tanisaki consider the global sections functor F : Mod^(^) block(Z//fcg), ^ i-^ 
F(^). One of the main results of {KT'i says that this functor provides a bijection 



{standard/costandard objects in Mod^(^)} < — > {standard/costandard objects in h\ock{Uk2)} 

which is compatible with the labelling of the objects involved by the set Y. More recently, Beilinson- 
Drinfeld 'BD" proved that F is an exact functor, cf. also 'FG! . Now, by an elementary general 
result (proved using (|1.2.1|l and 'devissage', cf. Lemma f3.9.3|) . any exact functor between highest 
weight categories that gives bijections (compatible with labelling) both of the sets of (isomorphism 
classes of) standard and costandard objects, respectively, must be an equivalence. It follows that 
the category block(Z//fcg) is equivalent to Mod^(i^). Thus, one obtains the following equivalences: 

Verv,{Gr^) ^'"'"""""""''^ Mod^(^) — block(Zifc0) ^ block(U) (1.2.2) 

In this paper we consider the special case where q is an odd root of unity of order prime 
to 3. In that case, the corresponding rational number fc, such that q = exp(7rV— 1/d ■ k), has 
a small denominator. Compairing the composite equivalence in (|1.2.2|l with the one in 



we get Vervk{Gr'^) = block(U) = Verv{Gr). Although we do not know how to construct a direct 
equivalence Vervk{Gr'^) Verv{Gr) by geometric means, the results of Lusztig L5 imply that 
the character formulas for simple objects in these categories are identical. This explains the relation 
of our results with those of [KL2] and [KT]. 
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1.3 Outline of our strategy. The construction of botli equivalences in is carried out 
according to the following rather general pattern. Let D denote any of the three triangulated 
categories in In each case, we find an appropriate object P ^ D, and form the differential 
graded (dg-) algebra RHom^ {P, P). Then, the assignment _F : M i— > RHom^ (P, M) gives a functor 
from the category D to the derived category of dg-modules over RHom^ (P, P) . We show, as a 
first step, that the functor F is an equivalence. We express this by saying that the category D is 
'governed' by the dg-algebra RHom^ (P, P) . The second step consists of proving that the dg-algebra 
RHom^ (P,P) is formal^ that is, quasi- isomorphic to Ext^ (P,P), the corresponding Ext-algebra 
under the Yoneda product. The formality implies that the category D is 'governed' by the algebra 
Ext^ (P,P), considered as a graded algebra with trivial differential. The third step consists of an 
explicit calculation of this Ext-algebra. An exciting outcome of the calculation fTheorcm l8.5.2|l is 
that the Ext-algebras turn out to be the same for all three categories in question. Thus, all three 
categories are 'governed' by the same algebra, and we are done. 

1.4 The functor Q: D%\ock"\\J) D'^Coh^'"^^ (Sf) giving the first equivalence in ((rrT|l is a 
refinement of a very naive functor introduced in [GK] . Specifically, let b be the " Borel part" of the 
"small" quantum group u C U, and H' {b, C) the cohomology algebra of b with trivial coefficients. 
Since b C U, any U-module may be viewed as a b- module, by restriction, and the cohomology 
H' {b, M\i,) has a canonical graded iJ' (b, C)-module structure. The following functor has been 
considered in [GK]: 

Q„3„ : block(U) — > i?'(b,C)-mod, Mi — > iJ" (b, Af|b) . (f.4.1) 

Now, we have fixed a Borel subgroup B C G with Lie algebra b. According to [GK] one has 
a natural Ad P-equivariant (degree doubling) algebra isomorphism P^'(b,C) ~ C'[n], where the 
group B acts on n, the nilradical of b, by the adjoint action. This puts, for any U-module M, 
the structure of a P-equivariant graded H' (b, C)-module, hence C[n]-niodule, on H' (b, A/|b). The 
module i?'(b, Af|b) is finitely generated, provided diniAf < oo, hence, gives rise to an object of 
Coh^''^'(n), the cate gory a P X C*-equivariant coherent sheaves on n. Further, inducing sheaves 
from the vector space n up to the Springer resolution Af = G x ^ n, we obtain from 11.4.111 the 
following composite functor: 

Q„,„ : block(U) Co/i^^^'(n) Co/i^^^' (AA) , (1.4.2) 

where the second arrow denotes the obvious equivalence, whose inverse is given by restricting to 
the fiber n = {l}x^n ^ G x ^ n = Af. 

The functor (5„_,j„ may be viewed as a " naive" analogue of the functor Q in (|I.1.I|I . In order 
to construct Q itself, one has to 'lift' considerations above to the level of derived categories. To 
this end, we will prove in SjSlthat the dg-algebra RIIomb(C, C) is formal, that is, we will construct 
an Ad P-equivariant (degree doubling) dg-algebra map 

C'[n] — > RHomg'(C,C), (1.4.3) 

where C' [n] — Sym(n*[— 2]) is viewed as a dg-algcbra (generated by the space n* of linear functions 
placed in degree 2) and equipped with zero differential. The map in H1.4.3|) will be shown to induce 
the above mentioned isomorphism of cohomology C'[n] Ext^'(C,C) = P'(b, C) proved in 
|GK| . in particular, it is a quasi- isomorphism. 

The main idea of our approach to constructing quasi-isomorphism ()I.4.3|I is as follows. Recall 
first a well-known result due to Gerstenhaber saying that any associative algebra a and a I-st 
order deformation of a parametrized by a vector space V, give rise to a canonical linear map 
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V HH^{a), the second Hochschild cohomology group of a. The Hochschild cohomology being a 
commutative algebra, the latter map extends to a unique degree doubling algebra homomorphism 
Sym'(F[— 2]) HH^'{a). We show in [BG] that any extension of the 1-st order deformation to 
a deformation of infinite order provides a canonical lift of the homomorphism Sym'(T^[— 2]) — > 
HH^' (a) to the dg-level, i.e. to a dg-algebra homomorphism Sym*(y[— 2]) RHoma-bimod(a, a), 
(where the graded algebra Sym(T^[— 2]) is viewed as a dg-algebra with zero differential) and such 
that the induced map on cohomology is the Gerstenhaber map mentioned above, see Theorem 
l5.7.1l for a precise statement. 

Our crucial observation is that the De Concini-Kac version (without divided powers) of 
the quantum Borel algebra provides a formal (infinite order) deformation of the algebra b, with 

V = n* being the parameter space. Further, the algebra b has a natural Hopf algebra structure, 
hence, the Hochschild cohomology algebra maps naturally to the algebra iJ^'(b,C), the cohomol- 
ogy with trivial coefficients. Adapting the general construction of the dg-algebra homomorphism 
Sym(V^[— 2]) — > RHoma-bimod(a, a) to the Hopf algebra a := b, yields the desired dg-algebra map 

It is worth mentioning perhaps that we actually need a stronger, Z^b-equivariant version, of 
quasi-isomorphism H1.4.3(l . The construction of such an equivariant quasi- isomorphism exploits the 
existence of Steinberg representation, and also a Hopf-adjoint action of the Lusztig version (with 
divided powers) of the quantum Borel algebra on the De Concini-Kac version (without divided 
powers) of the same algebra. We refer to |Slfor details. 

One may compose a quasi-inverse of the equivalence Q on left of Hl.l.l|l with the forgetful 
functor block (U) — > block(U). This way, we obtain the following result involving no mixed 
categories (see Theorems 13 . 5 . 51 and 13 . 9 . ij) : 

Corollary 1.4.4. There exists a triangulated functor F : D''Coh^^'^' (Sf) — > i:)''block(U) such 
that the image of F generates Z)^block(U) as a triangulated category and we have: 

{\) F{Oj^{X)) ^RlndlilX), and F{7J (g) ^) = F{^)\i], VX e Y, i e Z, e D''Coh^''^' (Af). 

(ii) Write i : n = {1} x^n ^ G x ^ n = J\f for the natural imbedding. Then, cf. (|1.4.1ll - (|1.4.2() . 

we have 

Rr(n,i*^) = RHom^__^^^_^(Cb,F(^)), VjT e D^'Coh^'^' [N). 

(iii) The functor F induces, for any ^ £ D^CohF^^ (■^)i canonical isomorphisms 

0^^^ llom^,^^^a.c'^j^)i^,z'^^') Hom;,.„„,k(u)(^(^),J^(^'))- 

Here, given a C*-equivariant sheaf (or complex of sheaves) we write ® ^ for the sheaf (or 
complex of sheaves) obtained by twisting the C*-equivariant structure by means of the character 
z 1-^- z*, and let =^[fc] denote the homological shift of ^ by fc in the derived category. 

1.5 The functor P: D^'Verv""" (Gr) — * D''Coh^^'"^' (JV). The point of departure in con- 
structing the functor on the right of is the fundamental result of geometric Langlands 
theory saying that there is an equivalence V : Rep(G) Verv^^^^^{Gr), between the tensor cat- 
egory of finite dimensional rational representations of the group G and the tensor category of 
G^(0)-equivariant perverse sheaves on the loop Grassmannian equipped with a convolution-type 
monoidal structure: Mi,M2 ' — > Mi * M2, see [G2],[MV] and also [Ga]. In particular, write 
Ig^ = V{C) S ^'S^'f^gVj^j (Gr) for the sky-scrapper sheaf at the base point of Gr that corresponds to 
the trivial one-dimensional G-module, and write TZ = V{C[G]) for the ind-object in ^erw^^^^^ (Gr) 
corresponding to the regular G-representation. The standard algebra structure on the coordinate 
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ring C[G] , by pointwise multiplication, makes TZ a ring-object in Verv^^ ^ (Gr). It is easy to see that 
this gives a canonical commutative graded algebra structure on the Ext-group Ext^^^ ^ (1^^, 7?,), 

and that the G-action on C[G] by right translations gives a G-action on the Ext-algebra. Fur- 
thermore, for any perverse sheaf Ai on Gr, the Ext-group Ext^^^^^ (l^,, M-kTZ) has the natural 

structure of a G-equivariant finitely-generated graded Ext' ^ (l^^, 7?.)-module, via the Yoneda 
product. 

A crucial Ext-calculation, carried out in sectionQ provides a canonical G-equivariant (degree 
doubling) algebra isomorphism 

Ext2;,^^^^(l,„7^) C-[AA] (and Ext^f^^^^ (1,^, 7^) - o) , (1.5.1) 

where M is the nilpotent variety in q. The homomorphism C'[A/'] Ext^' (l,-^, 7?.) in (|1.5.1|l is 
induced by a morphism of algebraic varieties Spec (Ext' (1,-^, TV}) — > N . The latter is constructed 
by means of Tannakian formalism as follows. 

In general, let Y be an affine algebraic variety. Constructing a map Y ^ M is equivalent 
to producing a family {$y : Oy ®V Oy <8) ^}i/gRep(G)' (endomorphisms of the trivial vector 
bundle with fiber V) such that, for any V, V € Rep(G), one has ~ (g) Id^, -I- Id^, ^^y, ■ 

In the special case Y — Spec(Ext* (1,-^, 7?.)), the geometric Satake isomorphism, cf. ^ pro- 
vides a canonical isomorphism T{Y,Oy ^ V) ^ Ext{l^^,TZ) ^ Ext' {1^^,TZ -k VV). To con- 
struct a nilpotent cndomorphism : Ext{l^^,TZ * VV) Fixt{l^^,TZ * VV), consider the first 
Chern class c S i/^(Gr, C) of the standard determinant line bundle on the loop Grassmannian, 
see [G2]. Cup-product with c induces a morphism^ c : 'P{V) 'P{V)[2]. We let be the 
map Id-ji -k c : Ext'(lg^, TZ*W) — > Ext*"'"^(l(-^, TZ-kVV), obtained by applying the functor 
Ext*(l(- , TZ -k {—)) to the morphism above. For further ramifications of this construction see 

Using (|1.5.1|l . we may view a G-equivariant graded Ext^^^^ ^ (1^^, 7^)-module as a C'[A/]- 
module, equivalently, as a G x C*-equivariant sheaf on Af. This way we obtain a functor: 

P_ : Perw(Gr) — > Coh^''^' (Af), M' — ^ Ext^^^^^^ (1,,, ★ 7^) . (1.5.2) 

The functor thus obtained may be viewed as a "naive" analogue of the functor P in Hl.l.ll) . The 
actual const^ruction of the equivalence P is more involved: one has to replace M by the Springer 
resolution Af, and to make everything work on the level of derived categories. This is made possible 
by the technique of weights of mixed ^-adic sheaves combined with known results on the purity of 
intersection cohomology for flag varieties, due to |KL1| . 

1.6 Relation to affine Hecke algebras. One of the motivations for the present work was 
an attempt to understand an old mystery surrounding the existence of two completely different 
realisations of the afhne Hecke algebra. The first realisation is in terms of locally constant functions 
on the flag manifold of a p-adic reductive group, while the other is in terms of equivariant if-theory 
of a complex variety (Steinberg variety) acted on by the Langlands dual complex reductive group, 
see [KL3], [CG]. The existence of the two realisations indicates a possible link between perverse 
sheaves on the affine flag manifold, on one hand, and coherent sheaves on the Steinberg variety 

^For any variety X and M G D^{X), in the derived category, there is a natural map HP{X,C) > 

ExtPj^ ^ (M, M) = Hom^,^^^(M, Af[p]), cf. e.g., |CG1 (8.3.17)]. We apply this to X = Gr, c e ^^(Gr.C), 

and M = VV. 
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(over C) for the Langlands dual group, on the other hand. Specifically, it has been conjectured in 
[CG, p.f5] that there should be a functor 

^Hecke alg • D^'Vcrv {affine flug maTiifold) > D^CohF^'^ [Steinberg variety) . (1.6.1) 

For the finite Hecke algebra, a functor of this kind has been constructed by Tanisaki, see [Ta], by 
means of P-modules: each perverse sheaf gives rise to a P-module, and taking associated graded 
module of that P-module with respect to a certain filtration yields a coherent sheaf on the Steinberg 
variety. Tanisaki's construction does not extend, however, to the whole affine Hecke algebra; also, 
it by no means explains the appearance of the Langlands dual group. Our equivalence P~^oQ in 
Hl.l.lfl provides a " correct" construction of a counterpart of the functor 6.1(1 for the fundamental 
polynomial representation of the affine Hecke algebra instead of the algebra itself.^ A complete 
construction of ((1.6.1|l in the algebra case will be carried out in a forthcoming paper. Here we 
mention only that replacing the module by the algebra results, geometrically, in replacing the loop 
Grassmannian by the affine flag manifold, on one hand, and replacing the Springer resolution by 
the Steinberg variety, on the other hand. In addition to that, handling the algebra case involves 
an important extra-ingredient: the geometric construction of the center of the affine Hecke algebra 
by means of nearby cycles, due to Gaitsgory [Ga]. 

To conclude the Introduction, the following remark is worth mentioning. None of the equiva- 
lences P and Q taken separately, as opposed to the composite = Q in Hl.l.l|l . is compatible with 
the natural i-structures. In other words, the abelian subcategory (3(block (U)) = P{Verv (Gr)) 
of the triangulated category D^Coh^"-^' {M) does not coincide with Coh^''^' (Af). The "exotic" 
t-structure on D^'Coh^''^' (Sf) arising, via Q (equivalently, via P), from the natural ^-structure 
on (5(block (U)) is, in effect, closely related to the perverse coherent t-structure studied in [Be2]. 
Specifically, it will be shown in a subsequent paper that the functor P : D^Verv (Gr) — > 
D^Coh'^^'^ (Af) takes indecomposable tilting, resp. simple, objects of Verv (Gr) into simple, resp. 
tilting, (with respect to perverse coherent t-structure) objects of Coh'^^^ (■^)- This, combined 
with the results of the present paper, implies that the tilting U-modules in the category block(U) 

go, under the equivalence Q : Z?'' block (U) — > D^Coh'^'"^ (M) to simple perverse coherent 
sheaves on J\f. Moreover, an additional argument based on results of jAB| shows that the pa- 
rameters labelling the tilting objects in block(U) and the simple perverse coherent sheaves on Af 
correspond to each other, see |B5| . It follows, in particular, that the support of the quantum group 
cohomology of a tilting U-module agrees with the one conjectured by Humphreys. 

1.7 Organization of the paper. In §2 we recall basic constructions regarding various versions 
of quantum groups that will be used later in the paper. The main result of this section is Theorem 
12.9.41 which is closely related to the De Concini-Kac-Procesi results |DKPj on quantum coadjoint 
action. In ^we introduce basic categories of U-modules and state two main results of the algebraic 
part of the paper. Sectionals devoted to the proof of the first result. Induction theorem, saying 
that the derived category of U-modules in the principal block is equivalent to an appropriate 
derived category of modules over the Borel part of U. The proof exploits the techniques of wall- 
crossing functors. In ^ we prove the second main result saying that the dg-algebra of derived 
endomorphisms of the trivial 1-dimensional module over b (= Borel part of the "small" quantum 
group) is formal, i.e., is quasi-isomorphic to its cohomology algebra. In f|Slwe review the (known) 
relation between finite dimensional representations of a semisimple group and perverse sheaves on 
Gr, the loop Grassmannian for the Langlands dual group. We remind also the role of the principal 
nilpotent element in describing the cohomology of Gr. In fJ3we prove an algebra isomorphism 
that generalizes isomorphism (|1.5.1|l . Section |H1 is devoted to the basics of the theory of Wakimoto 

•^cf. also [AB] for an alternative approach which is, in a sense, 'Koszul dual' to ours. 
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perverse sheaves on the afRne flag manifold, due to Mirkovic (unpublished). The classes of these 
sheaves in the Grothendieck group correspond, under the standard isomorphism with the affine 
Hecke algebra, to base elements of an important large commutative subalgebra in the affine Hecke 
algebra that has been introduced by Bernstein. The main results of the paper are proved in ^ 
where the functors Q, P are constructed and the category equivalences are established. The 

arguments there use both algebraic and geometric results obtained in all the previous sections. 
In mOI we prove Ginzburg-Kumar conjecture [GK, §4.3] relating quantum group cohomology to 
perverse sheaves. 
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PART I : Algebra 

2 Various quantum algebras 

2.1 Let k be an algebraically closed field of characteristic zero, and set (E) = ®k. We write k[X] 
for the coordinate ring of an algebraic variety X. 

Given a k-algebra A with an augmentation e : A ^ k, let A^ denote its kernel. Thus, A^^ is a 
two-sided ideal of A, called the augmentation ideal, and := A/A^^ is a 1-dimensional ^-module. 

Definition 2.1.1. Given an associative algebra A and a subalgebra a C A with augmentation 
a ^ k, we say that a is a normal subalgebra if one has A-a^ — a^-A. We then write (a) :— A-a^ C A 
for this two-sided ideal. 

Given a k-algebra A, we write either A- mod or Mod{A) for the abelian category of left A- 
modules. The notation Rep(A) is reserved for the tensor category of finite-dimensional modules 
over a Hopf algebra A, unless specified otherwise (this convention will be altered slightly in l2.7.1(l . 
In case A is a Hopf algebra, we always assume that the augmentation e : A — > k coincides with the 
counit. 

2.2 Let t be a finite dimensional k- vector space, t* the dual space, and write (— , — ) : t* x t ^ k 
for the canonical pairing. Let i? C t* be a finite reduced root system. From now on we fix the set 
i?+ C R of positive roots of our root system, and write {ai}i£i for the corresponding set of simple 
roots (labelled by a finite set /). Let a denote the coroot corresponding to a root a E R, so that 
aij = {6n,aj) is the Cartan matrix. 

Let W be the Weyl group of our root system, acting naturally on the lattices X and Y, see 
1)2.2. There is a unique M^-invariant inner product (— , —\ : Y x Y — > Q, normalized so that 
{ai,ai\ = 2di ,yiGl, where the integers di > 1 are mutually prime. It is known further that 
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di e {1,2,3} and that = {ui, aj\/ {ai, ai\. In particular the matrix \\di ■ aij\\ is symmetric. 



x = {;u e t* 1 {n,a^) ez,yiGi} 


weight lattice 


X++ = {/X e X 1 (/i, ai) > , Vi e /} 


dominant Weyl chamber 




root lattice 


= Hom(Y, Z) C t 


coweight lattice 


Y++ = Y n X++ 





Let = n®t®nbea semisimple Lie algebra over k with a fixed triangular decomposition, 
such that R is the root system of (g, t), and such that n is spanned by root vectors for 



2.3 Let k(g) be the field of rational functions in the variable q. We write Uq = Uq{Q) for 
the Drinfeld-Jimbo quantized enveloping algebra of g. Thus, Uq is a k(g')-algebra with generators 
Ei,Fi, i G I, and K^jfj, e Y^, and with the following defining relations: 

K — 

Ei ■ Fj - Fj ■ Ei = Si J ■ _ , where Ki = Ka-.^^ , 

and some g-analogues of the Serre relations, see e.g. [L2]. 

Wc will freely use Lusztig results on quantum groups at roots of unity, see [L2] and also [AP], 
pp.579-580. 

Fix an odd positive integer I which is greater than the Coxeter number of the root system 
R, and which is moreover prime to 3 if our root system has factors of type G2- Fix € k^, a 
primitive Z-th root of unity, and let A C k(g) be the local ring at ( and m C ^ the maximal ideal 
in A. 

Remark 2.3.1. One may alternatively take A = k[q,q~^] as is done in [L2], [AP]; our choice of 
A leads to the same theory. We alert the reader that the variable 'g'' that we are using here was 
denoted by 'v' in [L2], [AP]. 



2.4 ^-forms of Uq. Let be the Lusztig's integral form of Uq, the ^-subalgebra in Uq gen- 
erated by divided powers £;|"^ = E^/[n]d^, i^^"-* = i^"/[n]d,!, z G /,n > 1 (where [m]dl := 
Y["=i '^gdl^-d , ) and also various divided powers [ ^'^"^ ]^., as defined in [L2]. We will also use a 
different yl-form of Uq, without divided powers, introduced by De Concini-Kac. sec [DK]. This is an 
^-subalgebra 11^ C Uq generated by the elements Ei , Fi , , i € I, and Kfj_, ^ e ¥^. We set 

U := U^/tn-Ux, the specialization of a.t q = (. Further, the elements {Kl}i^j are known to be 
central in the algebra it^/m-it^, see [DK, Corollary 3.1]. Put il := it^/ (in-it^+X^jg/ (-^i~l)'^.4)- 
Thus, U and il are k-algebras, which are known as, respectively, the Lusztig and the De Concini-Kac 
quantum algebras at a root of unity. 

The algebra Uq has a Hopf algebra structure over k{q). It is known that both and it^ are 
Hopf ^-subalgebras in Uq. Therefore, U and il arc Hopf algebras over k. 

By definition, one has il^ C U^. Hence, the imbedding of ^-forms induces, after the spe- 
cialization at C, a canonical (not necessarily injective) Hopf algebra homomorphism il — > U. The 
image of this homomorphism is a Hopf subalgebra u C U, first introduced by Lusztig, and referred 
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to as the small quantum group. Equivalently, u is the subalgebra in U generated by the elements 
Er,F,, ^II , i e I, and K^, e Y^. 

2.5 The algebra Uq has a triangular decomposition Uq — C^q^®k(,) Uq^k(q) Uq , where , U° and 
Uq are the k((7)-subalgebras generated by the set the set {X^j^gy'^, and the set {Fi}i^i, 
respectively. Given any subring A <Z Uq, we set := Af] U^, and A° := A H 11° . With this 
notation, both Lusztig and De Concini-Kac ^-forms are known to admit triangular decompositions 

= U\ (g)^ ®^ U^, and Ha = ®^ ii'^ <8)^ IX^, respectively. The latter decompositions 
induce the corresponding decompositions 

U = U+ «)ik U° (g)k U", U = il+(8)kil°(g)kil", u = u+ u° (8)k u" . (2.5.1) 

The subalgebras Bq U+ U° C Uq , Ba := U;^ 0^ C U^, and 05^ := ii^ ®^ 11^ C 
il_4, as well as various specializations like 

B:=U+®U°CU, » :=il+«)it° Cil, b := u+ «) u° C u, (2.5.2) 

will be referred to as Borel parts of the corresponding algebras. All of these "Borel parts" are 
known to be Hopf subalgebras in Uq with coproduct and antipode given by the formulas: 

A{E,) ^E,®l + K,®E,, A{Ki) ^K,® K, , S{Ei) = -Kr^ ■ E, , S{K,) = Kr\ (2.5.3) 
Note that formulas 1)2. 5. 3|) show that is not a Hopf subalgebra. 

Put Bq Uq "Xi^i^) Uq . This is a Hopf subalgebra in Uq, and Drinflcld constructed a perfect 
pairing: 

Bq(^Bq y k{q) , bxb^ {b,b) . (2.5.4) 

The Drinfeld's pairing enjoys an invariance property. To formulate it, one first uses H2.5.4|) to 
define a " differentiation-action" of the algebra Bq on Bq by the formula 

b: b^d-Sh) := 5] (6, K) ■ 6'/, where b[ ® K' := A(6). (2.5.5) 

The differentiation-action makes Bq a _Bg-module. The invariance property states, cf. e.g. |L2| : 

{x -y^z) + (y, d- {z)) = e{x){y, z) , Vx^y e Bq, z e Bq. 

2.6 Probenius functor. Let G be a connected semisimple group of adjoint type (with trivial 
center) such that Lie G = q. Let G be the simply-connected covering of G, and 3(G) the center of 
G (a finite abelian group). Thus, we have a short exact sequence 

1 — > 3(G) — > G ^ G — * 1. 

The pull-back functor tt* : Rep(G) — > Rep(G) identifies a finite-dimensional G-module with a 
finite-dimensional G-module, such that the group 3(G) acts trivially on it. 

Let ZYg denote the (classical) universal enveloping algebra of g. Lusztig introduced a certain 
completion, Uq, of the algebra Z-Zg such that the category Rep(ZYg) of finite-dimensional ZYg- modules 
may be identified with the category Rep(G). In more detail, one has the canonical algebra map 
J -.Uq-^ Uq, which induces a functor f : Rep(ZYg) — ^ Rep(Z-/g). 
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On the other hand, any finite-dimensional ZYg-module may be regarded, via the exponentia- 
tion, as a G-module. The completion IAq has the property that in the diagram below the images 
of the two imbeddings tt* and f coincide 

Rep(G) C ^ Rcp(G) = Rep(Z^0) ^ ^ Rep(z70). 

Thus, simple objects of the category Rep(Z//g) are labelled by the elements of Y++. 

Let {ci , fi , hiY^^j denote the standard Chevalley generators of the Lie algebra q. Lusztig 
proved that the assignment: Ef^ i— > , i-^ 0, and F^^ ^ fi , Fi ^ Q , i & I , can be extended 
to a well-defined algebra homomorphism : U — > Uq, called the Frobenius map. Further, the 
subalgebra u is known to be normal in U, cf. Definition 12. 1.11 Moreover, Lusztig has proved that 
Kercj) = (u), i.e., one has an exact sequence of bi-algebras 

— >{u) — >(J^Ug. (2.6.1) 

The pull-back via the Frobenius morphism : U — s- Uq gives rise to an exact tensor functor 

0* : Rep(G) = Rep(z7fl) — > Rep(U), V> — > "^V (Frobenius functor). (2.6.2) 

Remark 2.6.3. The reader may have observed that the quantum algebras Uq{Q) , U, etc., that we 
are using are of " adjoint type" . The results of the paper can be adapted to " simply-connected" 
quantum algebras as well. In that case, the group G must be taken to be the simply-connected 
group with Lie algebra g. Therefore, G^, the Langlands dual group, is of adjoint type. Hence, the 
corresponding loop Grassmannian Gr considered in Part II becomes disconnected; the group 7ro(Gr) 
of its connected components is canonically isomorphic to 7ro(Gr) = 7ri(G^) = Hom(3(G) , C*), the 
Pontryagin dual of the center of the simply-connected group G. 

Let Cq. € n and /q G n denote root vectors corresponding to a root a € i?+ (so, for any i e /, 
we have Cq. = e^, /„. = fi). Throughout the paper, we fix a reduced expression for wq G W, the 
element of maximal length. This puts a normal (total) linear order on the set R+ and, for each 
a € R+, gives, via the braid group action on Uq (see [L3] for details), an element Ea G and 
Fa G . The elements {£'^ , F^l^gfl^ are known to be central in il, by [DK, Corollary 3.1]. 

Definition 2.6.4. Let Z denote the central subalgebra in generated by the elements {E^^}aeR+ ■ 

Set (Z) := • = *B • Z^, a two-sided ideal in 5B. Part (i) of the following Lemma is due 
to De Concini-Kac |DK| . part (ii) is due to Lusztig, and other statements can be found in De 
Concini-Lyubashenko |DL[ §3] (cf. also |BFS[ pp. 12-13, 72-88] for related results on the pairing 
u~ u+ ^ k). 

Lemma 2.6.5. (i) Z is a H op f subalgebra in 05. 

(ii) The projection il -» u induces, by restriction, an exact sequence of bi-algebras: 

— > (Z) — >»^b — ^0. 

(iii) Drinfeld's pairing (|2.5.4|l restricts to a well-defined A-bilinear pairing (8" ilj^ — > A; the 
latter gives, after specialization at q = (, a perfect pairing (8" il^ — » k . 

(iv) The annihilator of the subspace Z C 11^ with respect to the pairing in (iii) is equal to the ideal 
(u~) C U~, i.e., we have (u~) = Z^ . □ 

Parts (iii)-(iv) of the Lemma combined with the isomorphism U^/(u^) = Lin, give rise to a 
perfect pairing 

Un®Z — >k. (2.6.6) 
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2.7 Smooth coinduction. Let A C Uq he a subalgebra with triangular decomposition: A = 

A+ ®A° (g)A~, where A' ■=1/^0 A, ? +, o, There is a natural algebra map A^ ^ A° A° 
given by a° i— > e(a^) • a°. We write k^^ (A) for the 1-dimensional yl°-module corresponding to 
an algebra homomorphism A : A° — > k, and let k , ^ (A) denote its pull-back via the projection 

A ® A 

A^(g)A° A°. 

Given a possibly infinite dimensional A- module M, define an A-submodule Af^'s q ][{ ^s 
follows: 

j^jaig 1^ ^ I . j^') ^ QQ Qjj^ A° -action on A - m is diagonalizable} . 

Notation 2.7 A. Let Rep(A) denote the abelian category of finite dimensional A°-diagonalizable 
A-modules. 

We write Urn indKep{A) for the category of all (possibly infinite dimensional) A-modules 
M such that M = M^^^. Clearly, Rep(yl) C Urn indRep{A), and any object of the category 
iimindRep(A) is a direct limit of its finite dimensional submodules. 

Let A — ® A° ® A~ be an algebra as above, which is stable under the antipode (anti-) 
homomorphism S : A A. Given a subalgebra a C ^, one has a smooth coinduction functor 

Ind^ : Rep(a) — > limindRep{A), Ind^ N := (Homa(A, iV))'''^ , 

where Homa(^, N) is an infinite dimensional vector space with left A-action given by (a; • f){y) — 
f{S{x) ■ y), see e.g. [APW2]. ft is clear that the functor Ind^ is the right adjoint to the obvious 
restriction functor ReSg : Rep(A) — > Rep(a), in other words, for any M E Rep(A), N E Rcp(a) , 
there is a canonical adjunction isomorphism (Frobenius reciprocity): 

Homa(Res^M , TV) ~ Hom^(M , Ind^TV) . (2.7.2) 



2.8 Ind- and pro-objects. We view k[G], the coordinate ring of the algebraic group G, as a 
0-niodule via the left regular representation. It is clear that k[G] is a direct limit of its finite dimen- 
sional G-submodules, that is an ind-object in the category Kep{Ug). Let '^k[G] E L'mindRep(U) 
be the corresponding Frobenius pull-back. 

Let T C B he the maximal torus and the Borel subgroup corresponding to the Lie algebras 

B 

t C b, respectively. Given A e Y = Hom(r, k'*), we let Ia := Ind^A be the induced i?-module 
formed by the regular algebraic functions on B that transform via the character A under right 
translations by T. One can also view Ia as a locally-finite Z^b-module, which is smoothly co- 
induced up to Ub from the character X : Ui ^ k. 

Definition 2.8.1. We introduce the algebra p := b • U° = u+ (g) U° C U. 

The algebra p is slightly larger than b; it plays the same role as the group scheme BiT C B 
plays for the Borel group in a reductive group G over an algebraically closed field of positive 
characteristic, cf. paj . 

For any A G Y, the weight IX clearly defines a one-dimensional representation of p. The 
pull-back via the Frobenius morphism yields the following isomorphism 

Ind^(kp(/A)) ~ ^Ia) (2.8.2) 

Given a module M over any Hopf algebra, there is a well-defined notion of contragredient 
module constructed using the antipode anti-automorphism. The duality functor M 1-^ 
commutes with the Frobenius functor M 1-^ '^M, and sends ind-objects into pro-objects. 



12 



Let N C B denote the unipotent radical oi B, so that Lie N = n. View k[N] as the left 
regular Z/^n-representation. We make Ik[iV] into a Z^/b-module by letting the Cartan algebra t act 
on k[A^] via the adjoint action. We have an Wb-module isomorphism k[N] ~ Ig = k[B/T]. Thus, 
'^(Iq) is a B-module. 

Lemma 2.8.3. For any M € Rep(U), there is a natural isomorphism of \J-modules: 

u u , 

Ind(j (ReS(j A/) ~ M (g)^ *k[G']. Similarly, for a finite dimensional B-module M, there is a natu- 

B B , 

ral isomorphism of B-modules Indp(ReSp M) ~ M 0^ ^'Ig. 

Proof: We view elements x e Ug as left invariant differential operators on G. One has a perfect 
paring: Ug x k[G] — > k, given by (x, /) i— > (xf){l^). This pairing induces a canonical isomorphism 
of ZYfl-modules: k[G] llom^{Ug,k)^^s. Applying the Frobenius functor 0* , one obtains a natural 
U-module isomorphism Indku ~ '^k[G] , (here and below we use shorthand notation Ind := Indj^ 

u 

and Res := ReSu). 

Now, for any L, M E Rep(U) and N E Rep(u), we have: 



Homu i^L, Ind {{Res M)(»N)j = Horn, (Res i , (Res M) » iV) 

= Hom,(Res(M^®L), N) 

= Homu (M^ (g) L , Ind TV) = Homu {L , M ® Ind N) . 

Since L is arbitrary, we get a functorial isomorphism Ind(-/V (g) Res M) ~ M ® IndA^. The first 
isomorphism of the Lemma now follows by setting N = k^., and using the isomorphism Ind ku ~ 
■^kfG]. The second isomorphism is proved similarly. □ 

2.9 Hopf-adjoint action. Given a Hopf algebra A, we always write A for the coproduct and S 
for the antipode in A, and use Sweedler notation: A(a) = ® ^'l- The Hopf algebra structure 
on A makes the category of left ^-modules, resp. A-bimodules, a monoidal category with respect 
to the tensor product (g) (over k). For each a E A, the map k<i^^^^^{a) : m ^ ^a^ - m- S{a") 
defines a Hopf-adjoint A-action on any A-bimodule M, such that the action map: A (g) M (g) A ^ 
-M , ai (g m (g a2 aima2, is a morphism of A-bimodules. We call an element m E M central if 
am = ma , Va G A, and we say that m is Ad^^^^^ A- invariant if Ad^^^^a^m) = e{a) ■ m, Wa E A. The 
following result is well-known, see e.g. |APW[ Proposition 2.9], jJoj . 

Lemma 2.9.1. (i) For any A-bimodule M , the assignment: a i— )■ Ad^^^^j{a) gives an algebra homo- 
morphism: A —>■ Endk M . 

(ii) An element m E M is Ad^^^^^A-invariant if and only if it is central. □ 

Proposition 2.9.2. (i) The Hopf-adjoint Uy\^-action on Uq{Q) preserves the A-module Ha- Simi- 
larly, the Hopf-adjoint Bj^^- action preserves the A-modules: il^ C 25^ C Bq. These actions induce, 
after specialization, an \J-module structure on il, resp. a B-module structure on 05. 

(ii) The subalgebras El Z EL C 05, are all Ad^^^^B- stable. 

(iii) The Hopf-adjoint action of the .subalgebra b <zB on Z is trivial. 

Proof. In Uq, consider the set C = {E\ , if' - K^^ , According to De Concini-Kac |DK| . 

every element cE C projects to a central element of the algebra il^/m-il^, where m = {q~ C,) is 
the maximal ideal corresponding to our root of unity. Hence, Lemma l2.9.1f ii'l implies that, for any 
c S C, in the algebra il^/m-ilx one has Ad^^^^c{u) = 0. Hence, Ad^^^^c{u) E m-ilx, for any u E il^- 
We deduce that the map 
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takes the ^-algebra il^ into itself. But the elements of the form , c G C, generate the ^-algebra 
U^. Thus, we have proved that kd^^^^U C Ha- 

Next, from l|2.5.3|) . for any i e I, we find: kd^^^fE.t{x) — Eix — KixK^^E.^, and kd^^^^Ki{x) — 
KixK~^. We deduce that the subalgebras C/+ d Bq d Uq are stable under the adjoint i?g-action 
on Uq. Further, a straightforward computation yields that, for any z G /, one has: 

(Ad,„^,£/)i?j C m-<8^ , and {kd,^^,{K,' ~ 1)) E, c m ■ , (2.9.3) 

It follows that the Hopf-adjoint action of the subalgebra C Bq preserves the subspaces iX^ C 
25^ C Bq. Specializing at (, we obtain part (i), as well as Adi^^^^ B-invariance of □ 

Recall the complex semisimple group G with Lie algebra g. Let B C G, resp. S C G, be the 
two opposite Borel subgroups with Lie algebras b = t ® n and b = t ® n, respectively. We consider 
the flag manifold G/B with base point B/B, and the 'opposite open cell' B ■ B/B C G/B. The 
left G- action on G/B induces a Lie algebra map b = Lie B i — > Vector fields on B ■ B/B. This 
makes the coordinate ring k[B ■ B/B] a Ub-module (via Lie derivative).'^ 

Theorem 2.9.4. There is an algebra isomorphism Z ~ k.[B ■ B/B] that intertwines the Hopf- 
adjoint action of the algebra Ub = B/(b) on Z resulting from Provosition \2.9.'W ii) and the Ub- 
action on k.[B-B/B] described above. 

Proof. Let D{Bq) be the Drinfeld double of the Hopf k(g)-algebra Bq. Thus, D{Bq) is a Hopf 
algebra that contains Bq — 11° (S)^^^ C D{Bq) and Bq C D{Bq) as Hopf subalgebras, and is 
isomorphic to Bq <E)^^^^ Bq as a vector space. We combine differentiation-action, see (|2.5.5f) of the 
algebra Bq on Bq, and the Ad|^^pf_Bq-action on Bq to obtain a map 

a : (Bq Bq) ®Bq^Bq, (b^b) (g> b'^d.^ (Ad,„^,5(6')) • 

One verifies that the commutation relations in D{Bq) insure that the Bq- and Ad|^^pfi?g-actions on 
Bq fit together to make the map a a I?(-Bg)-algebra action on Bq such that the multiplication map 
Bq (E) Bq — > Bq is & morphism of £)(_Bg)-modules. 

By Proposition 12 . 9 . 2T ii) . the subspace C/+ C Bq is stable under the Ad|^^pf_Bq-action. Further, 
the inclusion A([/+) C Bq (E) Uq implies that the subspace C/+ C Bq is also stable under the 
differentiation-action of Bq on Bq. Thus, J7+ is a _D(i?(j )-submodulc in Bq. 

According to Drinfeld, one has an algebra isomorphism D{Bq) = Uq ® U". Therefore, the 
£'(i?<j)-action on J7+ constructed above gives, by restriction, to the subalgebra Uq C D{Bq) an 
?7g-action on Uq . Further, specializing Drinfeld's paring (|2.5.4|l at q ~ Ci that is, using the pairing 
U~ (g) il+ k and Proposition 12. 9. 2T iVfii^. we see that the action of the k(q)-algebra Uq on [/+ 
defined above can be specialized at g = C to give a well-defined U-action on il"*". 

From Proposition 12. 9. 2T iiVfiii) we deduce 

• The subspace Z C il+ is stable under the U-action on moreover, the subalgebra u C U 
acts trivially (via the augmentation) on Z . 
It follows that the action on Z of the algebra U factors through U/(u). Thus, we have 
constructed an action of the Hopf algebra Uq (more precisely, of its completion Uq) on the algebra 
Z] in particular, the Lie algebra q C Uq of primitive elements acts on Z by derivations. 

Observe next that both the algebra Uq and the space Z have natural Y-gradings, and the 
Zig-action on Z is clearly compatible with the gradings. Write Y+ C Y for the semigroup generated 

^Note that since the open cell B ■ B/B C G/B is not a B-stable subset in the flag variety, the Lie algebra action 
of b on h[B-B/B] cannot be exponentiated to a _B-action. 
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by the positive roots. Clearly, all the weights occurring in Z belong to Y+, while all the weights 
occurring in Uxl belong to — Y+. It follows that the action of (Zin)^, the augmentation ideal of Z-/n, 
on Z is locally nilpotent, i.e., for any z e Z, there exists k — k{z) such that {Un)^z = 0. 

Further, the invariance of the Drinfcld pairing Ij2.5.4(l implies that the perfect pairing Un 
Z — > k, see (12.6.611 . is a morphism of Z^n-modules. This gives an Wn-module imbedding Z ^ 
Homij(ZYn, k), where Homij(Wn, k) is viewed as a contregredient representation to the left regular 
representation of the algebra Un on itself. 

Now, let / G k[7V], be a regular function on the unipotent group N C G corresponding to 
the Lie algebra n. The assignment u i — > f{u) := where u runs over the space of left 

invariant differential operators on the group N, gives a linear function on Un, hence an element 
/ G Hom(Z//fi, k). The map / i — > / identifies the coordinate ring k[N] with the subspace 

{V' e Hom(Zita,k) | 3k = fc(V') such that (Zin),''V^ = 0}. 

But the action of {Un)^ on Z being locally- nilpotent, we see that the image of the imbedding 
Z ^ Hom(Z//fi, k) must be contained in the space above, that is, in k[N]. This way, we obtain an 
Z/^fi-module imbedding Z ^ k[iV]. We claim that Z = k.[N]. Indeed, the group N is isomorphic 
as an algebraic variety to a vector space V, so that the pairing Un ^ k[N] k may be identified 
with the canonical pairing Sym(y) ^ Sym{V*) — > k. Hence, if Z were a proper subspace in 
k[N] = Sym(F*) then, the pairing Un Z could not have been perfect. Thus, Z = k[N]. 

Next we use the perfect pairing to identify Un with 2"'^, the continuous dual (in the adic 
topology) of Z = k[N]. The Z//g-module structure on Z defined above gives rise to an Zig- module 
structure on Z^. It is clear that restricting the Zig-action to the subalgebra Zifi C Ug we have 

. zt is a rank 1 free ZYn- module generated by the element e € Z^, and 

• The action of the ideal Un^ <ZUn (ZUq annihilates the element e G Z^. 

Observe that these two properties, combined with the commutation relations in the algebra ZYg, 
completely determine the Z-/g-module structure on Z^ . 

Now, the Lie algebra g acts o\\k[B-B / B], the coordinate ring of the "big cell" . Let k[B-B/ B]'^ 
denote the continuous dual equipped with a natural Z-/g-module structure. This latter ZYg-module 
also satisfies the two properties above. Therefore, there exists an Wg- module isomorphism Z^ = 
k\B- B/B\^. Dualizing, we obtain an UQ-moAnle isomorphism Z ^k[B ■ B / B], and the Theorem 
is proved. □ 

Remark 2.9.5. Theorem 12. 9. 41 is closely related to the results of De Concini-Kac-Procesi on "quan- 
tum coadjoint action". In particular, it was shown in [UKP. Theorem 7.6] that the isomorphism 
Z = k[B ■ B/B] is a Poisson algebra isomorphism. 

General properties of Hopf-adjoint actions imply, by part (i) of Proposition 12.9.21 that the 
product map: *B (8) *B ^ *B is a morphism of B-modules. Therefore, we deduce from (ii) that 
(Ze)^ C Zg is again an Ad|,_^p, B-stable subspace. This makes the finite dimensional vector space 
Ze/(Ze)^ into a b-module, and we have 

Corollary 2.9.6. (i) There is a b-equivariant vector space isomorphism Ze/(Ze)^ ~ n, where the 
Lie algebra b acts on n via the adjoint action. 

(ii) There is a b-equivariant graded algebra isomorphism Torf (k^jk^) = A'n. 

Proof. The cotangent space to G/B at the base point is the space (fl/b)* = C g*, which is 
b-equivariantly isomorphic to n C g via an invariant bilinear form on g. Now, by Theorem 12.9.41 
one may identify the open cell B-B/B with SpecZ. The base point goes under this identification, 
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to the augmentation ideal e SpecZ. The cotangent space r/(SpecZ) at that point equals 
Z^/{Zf)'^, by definition. This yields part (i) of the Corrolary. 

To prove (ii) recall that, for any smooth afHne variety X and a point x ^ X, one has a canonical 
graded algebra isomorphism Tor^"^' (k^;, kj^) = A' {T*X), where denotes the 1-dimensional k[X]- 
module corresponding to evaluation at x. Part (ii) now follows from (i). □ 

Remark 2.9.7. In this paper we will not use the isomorphism Z ~ hlB-B/B] itself but only the 
resulting isomorphism of Corollarv l2.9.6l 

2.10 Cross-product construction. In the next section we will use the following general con- 
struction, see e.g. [Mo]. Let a be an associative algebra and A a Hopf algebra. 

Proposition 2.10.1. Let A act on a in such a way that the multiplication map m:a(g)a— >a is a 
morphism of A-modules. Then there is a natural associative algebra structure on the vector space 
AiSi a, to be denoted A x a, such that 

(i) a = 1 ® a and A — AiS) 1 are subalgebras in A x a; 

(ii) The a-action on itself by left multiplication, and the A-action on a can be combined to 
give a well-defined A k a-action on a. Furthermore, the multiplication map [Ax a) ® [Ax a) — > 
{A tx a) is kd^^^jA-equivariant with respect to the tensor product A-module structure on At<a. 

(iii) For any Hopf algebra A acting on itself by the Hopf-adjoint action, the assignment a k 
ai I — > a (8) (a • ai) gives an algebra isomorphism ^ : A k A AiSi A. □ 

In the special case of a Lie algebra a acting by derivations on an associative algebra A, the 
Proposition reduces, for A = Ua, to the very well-known construction of the cross product algebra 
Ua K a. We will apply Proposition 12. 10. Ti to the Hopf algebra A :— U acting via the Hopf-adjoint 
action on various algebras described in Proposition 12.9.21 

2.11 Cohomology of Hopf algebras. Given an augmented algebra a and a left a-module 
M, one defines the cohomology of a with coefficients in M as H'{a,M) := Extg_ jjjQ(j(ka, A/). In 
particular, we have Ext^. ;jjo^(ka, M) — := {m € M \ a^m = 0}, is the space of a-invariants in 
M. Further, the space iJ'(a,k) := Exta_jjjQ(j(ka, kg), has a natural graded algebra structure given 
by the Yoneda product. This algebra structure is made explicit by identifying Ext^. modC^a, kg) with 
the cohomology algebra of the dg-algebra Homa(P, P), where P = (P*) is a projective a-module 
resolution of ka . 

Let A be an augmented algebra and a C A a normal subalgebra, see Definition 12.1.11 For 
any left A-module M, the space C M of a-invariants is A-stable. Moreover, the A-action on 
descends to the quotient algebra A/ (a) and, clearly, we have M"^ = {M^)^/^^\ According to 
general principles, this gives rise to a spectral sequence 

E^'''^HP{A/{a),H'^ia,M)) =^ EP+^ = gv HP+^ {A, M) . (2.11.1) 

Below, we will use a special case of the spectral sequence where A is a Hopf algebra and 
a is a normal Hopf subalgebra. Fix two left A-modules M, N . The vector space HomJ^(M, N) 
has a natural structure of A-bimodule, hence of a left A-module, via the Hopf-adjoint action. 
Observe further that we may identify the subspace Homa(M, A^) C Hom|^(M, A^) with the space 
(Hom^(M, A^))" {/ e Hom^(M,Af) | «=/ = /oa,Va e a} of ceniraZ elements of Homk(M, A^), 
viewed as an a-bimodule. But any central element of an a-bimodule is Ad^^^^ a- invariant, by Lemma 
12.9. If ii). Therefore, we deduce that the Hopf-adjoint a-action on Homa(M, A?^) is trivial. Hence, 
the Ad|^^pf A-action on Homa(M, A^) descends to the algebra A/(a), and the spectral sequence in 
(|2.11.1|i "'vields 
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Lemma 2.11.2. For any left A-modules M,N, there is a natural Hopf-adjoint A/{a)-action on 
Ext*(Af, A^); it gives rise to a spectral sequence 



3 Algebraic category equivalences 

The goal of the next three sections is to construct a chain of functors that will provide the following 
equivalences of triangulated categories (undefined notations will be explained later): 

" D{m K (A-n[l])) : AJB) : i^(block(U)). 



duality V V L j;; |g t„v V ) g] 

The composite of the equivalences above will yield (a non-mbced version of) a quasi-inverse of the 
functor Q on the left of diagram l|l. 1.1(1 . 

3.1 Reminder on dg-algebras and dg-modules. Given an algebra A, we write A-bimod for 
the category of A-bimodulcs, and A for A, viewed cither as a rank one free left A-module, or as 
an A-bimodule. Similar notation will be used below for differential graded (dg-)algebras. 

Notation 3.1.1. Let [n\ denote the shift functor in the derived category, and also the grading shift 
by n in a dg-algebra or a dg-module. 

Given a dg-algebra A — ©jg^ write DGM(A) for the homotopy category of all dg- 
modules M = 0,,g2; over A (with differential d : M' M'+^), and D{T)GM{A)) for 
the corresponding derived category. Given two objects M,N & DGM(A) and i e Z, we put 
Ext^(M,7V) := Homj^^„(^,(M, A^H). The graded space Ext^ (M,M) = 0^.>o Ext^^(Af,M) has a 
natural algebra structure, given by the Yoneda product. 

An object M G DGM(A) is said to be projective if it belongs to the smallest full subcategory 
of DGM(yl) that contains the rank one dg-module A, and which is closed under taking mapping- 
cones and infinite direct sums. Any object of DGM(yl) is quasi-isomorphic to a projective object, 
see [Ke] for a proof. (Instead of projective objects, one can use semi-free objects considered e.g. in 
pi Appendix A,B].) 

Given M g DGM(A), choose a quasi-isomorphic projective object P. The graded vector 
space 0„gz Romk(P,P[n]) has a natural algebra structure given by composition. Commutator 
with the differential d E Homii5(P, P[— 1]) makes this algebra into a dg-algebra, to be denoted 
REnd^(M) := Homij(P, P[n]). This dg-algebra does not depend, up to quasi-isomorphism, 

on the choice of projective representative P. 

Given a dg-algebra morphism f : Ai ^ A2, we let /, : D(DGM{Ai)) D{DGM{A2)) be 
the push-forward functor M ^ f^M := A2^a,M, and /* : D{DGM{A2)) — > i:»(DGM(Ai)) the 
pull-back functor given by change of scalars. Note that the functor /* is the right adjoint of /* 
and, moreover, if the map / is a dg-algebra quasi-isomorphism then the functors /* and /* are 
triangulated equivalences, quasi-inverse to each other. 
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3.2 Prom coherent sheaves on M to k[n]-modules. We say that a linear action of an algebraic 
group G on a (possibly infinite-dimensional) vector space M is algebraic if M is a union of finite- 
dimensional G-stable subspaces Mg and, for each s, the action homomorphism G — > GL(Ms) is 

an algebraic group homomorphism. 

Notation 3.2.1. Given a k-algebra A and an algebraic group G, acting algebraically on A by algebra 
automorphisms, we let Mod^(A) denote the abelian category of G-equivariant ^-modules, i.e., 
^-modules M equipped with an algebraic G-action such that the action-map A® M ^ M is G- 
equivariant. If, in addition, A has a Z-grading preserved by the G-action, we write Mod'^^''''"(A), 
where Gm denotes the multiplicative group, for the abelian category of G-equivariant Z-graded 
A-modules. 

If A is noetherian, wc let Mod^ [A) be the full subcategory in Mod*^ {A) formed by finitely- 
generated A-modules. In the case of trivial group G = {1} we drop the superscript G and write 
Mod/(^) for the corresponding category. 

Given an algebraic G-variety X, we write Coh'^{X) for the abelian category of G-equivariant 
coherent sheaves on X. A quasi- coherent sheaf on X is said to be G-equivariant if it is a direct 
limit of its G-equivariant coherent subsheaves. 

Given, a Gm-equivariant sheaf write z'^^T for a Gm-equivariant sheaf obtained by twisting 
Gm-equivariant structure on T by the 1-dimensional character z ^ z'' oi the group Gm- 

The Borcl subgroup B C G acts on n, the nilradical of b = Lie B, by conjugation. Further, 
the multiplicative group Gm acts on n by dilations: we let z € Gm act via multiplication by 
z'^. The two actions commute, making n a. B x Gm-variety. This gives a, B x Gm-action on the 
polynomial algebra k'[n]. In particular, the algebra k'[n] acquires a natural Z x Y-grading: the 
Z-component of the grading is given by twice the degree of polynomial (this is consistent with our 
earlier convention that z G Gm act via multiplication by 2;^), and the Y-component of the grading 
is induced from the natural Y-grading on n. 

We also consider the Springer resolution Af := G x b which is a G x Gm-variety in a natural 

way. 

The closed imbedding i : n = {1} x ^ n ^ G x ^ n = Af gives rise to a natural restriction 
functor i* : Coh°{N) Coh'^{n). This functor is an equivalence of categories whose inverse 
is provided by the induction functor Ind : Coh^{n) Coh^{N). Further, the variety n being 
afEne, we deduce that the functor of global sections yields an equivalence of abelian categories 
r : Coh^{n) Modf (k'[n]), J" ^ r(n, JT). 

We are now going to extend the considerations above to triangulated categories. In general, 
let G be an algebraic group and X a G x Gm-variety. We let DG^ijerent(^) denote the category 
whose objects are diagrams ^=> J^-, where Tj^,T- are G x Gm-equivariant quasi- coherent 
sheaves on X, such that 

• The arrows in the diagram are morphisms of quasi-coherent sheaves; specifically, we have 
G X Gm-cquivariant morphisms d : — > z (g) !F-, and d : J^- — > z (g) J^+, such that 

dod^^O. 

• The cohomology sheaves (with respect to the differential d) 'H{J-±) arc coherent. 

Similarly, let A be a dg-algebra, such that the cohomology H' (A) is a finitely generated 
Noetherian algebra. Let an algebraic group G act algebraically on A by algebra automorphisms 
preserving the grading and commuting with the differential. 

Notation 3.2.2. We write DGM^(A) for a subcategory in Mod^""^" (A) formed by differential 
graded A-modules M = 0^^^ M* (with differential d : M' M'+^) such that the G-action on 
M preserves the grading and commutes with d and, moreover, 

• The cohomology H' (M) is a finitely-generated H' (^)-module. 
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The category DG(,Qj^j,j.gjjt(X), resp. DGMj {A), has a natural structure of homotopy category, 
and we write ^^hcrcnt('^)' resp. D^{A), for the corresponding derived category obtained by 
locaUzing at quasi-isomorphisms. Again, if G = {!}, the superscript G wiU be dropped. 

Notation 3.2.3. Let S :— k'[n] = Sym' (n* [— 2]), resp., A A'(n[l]), be the Symmetric algebra of 
n*, resp., the exterior algebra of n, viewed as a differential graded algebra with zero differential 
generated by the vector space n* placed in grade degree 2, resp., by the vector space n, placed in 
grade degree (—1). 

Thus, we have triangulated categories D^^^^^j.^^^{n) , f^herent (■^) i ^^'^ ^-l^o Df{k'[n]) — 
D^{S) and D^{A). As above, we obtain equivalences 

i>?o.e.e„t(A^) . ' ^ ^fo..c.cnt(n) ^^-^-^J-^^^^-K J,B ^S) . (3.2.4) 

Rind 

3.3 Koszul duality. Let S be a free rank 1 graded S- module (with generator in degree zero), 
and the trivial A- module (concentrated in degree zero). We may view S as an object of D^{S), 
and k/\ as an object of D^{A). We recall the well-known Koszul duality, cf. |BGGj and |GKM| . 
|BGS| . between the graded algebras S and A. The Koszul duality provides an equivalence: 

k: Df{S) Df{A), such that k(S) =kA. (3.3.1) 

In the non-equivariant case, this equivalence amounts, essentially, to a dg-algebra quasi- 
isomorphism 

RHom^^(^)(k^,k^) ^ Ext^^(^)(k^, k^) S, (3.3.2) 

given by the standard Koszul complex. 

The reader should be warned that the Koszul duality we are using here is slightly different 
from the one used in BGG) in two ways. 

First of all, we consider S and A as dg-algebras, and our Koszul duality is an equivalence 
of derived categories of the corresponding homotopy categories of dg-modules over S and A, re- 
spectively. In |BGGj . the authors consider S and A as plain graded algebras, and establish an 
equivalence between derived categories of the abelian categories of 'L-graded S-modules and A- 
modules, respectively. In our case, the proof of the equivalence is very similar; it is discussed in 
in detail. 

Second, in |BGG| no i3-equivariant structure was involved. However, the construction of the 
equivalence given in |BGG| . |^KM |. being canonical, it extends in a straightforward maner to the 
equivariant setting as well. 

3.4 The principal block of U-modules. We keep the notation introduced in §2, in particular, 
we fix a primitive root of unity of order /. Form the semidircct product W^a := ly k Y, cf. H2.2.1II . 
to be called the affine Weyl group. Let p — \ J2iei G X be the half-sum of positive roots. We 
define a PF^ff-action on the lattice X as follows. We let an element A G Y C W^tt act on X by 
translation: r i — > t + IX, and let the subgroup W C W.^ff act on X via the 'dot'-action centered at 
(—p), i.e., for an arbitrary element Wa = {w tK X) (z W^k we put: 

Wa = w t>< X : T I — > Wa ' T :— w{lX + T — p) + Vt S X . 

Recall that the weight • G X++ is dominant, see (|2.2.1|l . if and only if Wa G W^n is the 
minimal element (relative to the standard Bruhat order) in the corresponding left coset W ■ Wa- 
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From now on we will identify the set of such minimal length representatives in the left cosets 
W\W„ff with the lattice Y using the natural bijection: 

Y Vt^\Watt , A I — > w^.^ :— minimal element in the coset W ■ {1 tK X) c W^ff . (3.4.1) 

Thus, at the same time we also obtain a bijection 

Y ^ X++ n -0, A I — > w^.^ • (3.4.2) 

For each G X we let be the simple U-module with highest weight v. It is known that L"^ 
is finite dimensional if and only if G 

For A G Y, let = w^.^ • G X++. Writing w^.^ in the form w^.^ = ?iiiKAGTyKY, we have 
'^min • = w • (^A), where w G is the unique element such that w • {IX) G X++. 

Definition 3.4.3. For A G Y, let L\ denote the simple U-module with highest weight ly = w^. •O. 
Thus, 

L\ = L" has highest weight v ^ w{l\ — p) + p = w • [IX). (3.4.4) 

Note that if y G Rep(G) is a simple G-module with highest wcig ht A G Y++, then w^. = 1, 
hence, we have 't'V = Lx. 

In this paper we will be frequently using the following three partially ordered sets: 
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(3.4.5) 



We write X >~ p whenever X }z P and A =/= p. This order relation corresponds, as will be explained 
in section 6 below, to the closure relation among Schubert varieties in the loop Grassmannian for 
the Langlands dual group G^. 

Definition 3.4.6. Let block(U) C Rep(U) be the 'principal block', i.e., the full subcategory 
of the abelian category U-mod formed by finite-dimensional U-modules M such that all simple 
subquotients of M are of the form , A G Y, see H3.4.4|) . 

The abelian category block(U) is known to have enough projectives and injectives, and we let 
D''block(U) denote the corresponding bounded derived category. 

3.5 Induction. Given a subalgebra (g) A° C (J and an algebra map A : A° ^ k, we write 
Ind^^ (A) instead of Ind^^ fk , „ (A)) . 

Using injective resolutions as in HEW], one defines a derived induction functor Rind corre- 

u . u 

spending to a smooth (co)-induction functor Ind^. Let Wlnd^ denote its i-th cohomology functor. 

Let £ : W^^ Z>o denote the standard length function on W^ft. We recall the following 
(weak) version of Borel-Weil theorem for quantum groups, proved in [APW]. 

Lemma 3.5.1 (Borel-Weil theorem). For X E Y , let w £ W be an element of minimal length 
such that w • (/A) G X++. Then we have: 

• R'^'^hnA^ilX) contains Lx as a simple subquotient with multiplicity one; Any other simple 
subquotient of R^^^Hnd^{lX) is isomorphic to with p ^ X. 

u 

• For any j ^ £{w), each simple subquotient of R^lnd (IX) is isomorphic to with p < X. □ 
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From Lemma 13.5.11 we immediately deduce 

Corollary 3.5.2. (i) For any A e Y, we have RInd||(/A) £ D''h\ock{(J). 

(ii) The category Z)''block(U) is generated, as a triangulated category, by the family of objects 
{RIndJ/A)}AeY. □ 

Definition 3.5.3. Let D^^.^{B) be a triangulated category whose objects are complexes of Y-graded 
B-modulcs M ^ {. . . Mi Mi+i ^ . . .}, i £ Z, Mi ^ ®ueY such that 

• For any i e Z, we have Mi = (M,)'''s, see Sect. O 

• We have um = i^(u) ■ m for any u £ U° ,m £ Mi{v), i G Z, G Y; 

• The total cohomology module, H' [M) — H^{M), has a finite composition series with 
all subquotients of the form kg A) , A G Y. 

Remark 3.5.4. Note that the subalgebra b C B acts trivially on the module kg (/A), for any A G Y. 

In section ^we will prove 

u 

Theorem 3.5.5 (Induction theorem). The functor Rlndg yields an equivalence of triangulated 
categories £>„„(B) D''block(U). 

Remark 3.5.6. An analogue of Theorem 13.5.51 holds also for the principal block of complex rep- 
resentations of the algebraic group G(F) over an algebraically closed field of characteristic p > 0. 
Our proof of the Theorem applies to the latter case as well. 

3.6 Quantum group FormaUty theorem. The second main result of the algebraic part of 
this paper is the following theorem that will be deduced from the results of sectionElbelow. Recall 
Notation EZSl 

Theorem 3.6.1 (Equivariant FormaUty). There exists a triangulated equivalence ^ : 
Df{A) ^ D^.^{B), such that S{k^) = kg, and such that 'S{^aW ® M) kg(a) (g) ^{M), 
for any XeY, M G Df{A). 

The proof of the theorem is based, as has been already indicated in the Introduction, on 
a much more general result saying that an infinite order deformation of an associative algebra a 
parametrized by a vector space V yields a homomorphism of dg algebras def : Sym(F[— 2]) 
RIIoma_bimod(a, a)- This result will be discussed in detail in the forthcoming paper [BG]; here we 
only sketch the main idea. 

Let A be an infinite order deformation of a parametrized by a vector space V, that is, a flat 
k[V] algebra such that A/V*-A = a. We replace a by a quasi-isomorphic dg-algebra R which is 
a flat k[y]-algebra such that = A. Consider the tensor product R^ := R®k[v] ■ The 

tensor category of dg-modules over R^ acts naturally on the category of left dg-modules over R 
(which is quasi- equivalent to the derived category of a-modules). It turns out that this action 
encodes the desired homomorphism def : Sym(l/[— 2]) — > RIIoma-bimod(a, a). Specifically, we first 
construct a quasi-isomorphism A'(l^*[l]) — Tor^[y](k,k) — > _R^, where A'(t^*[l]) is the exterior 
algebra viewed as a dg-algebra with zero differential. The homomorphism def is then obtained 
from the latter quasi-isomorphism by Koszul duality, cf. Sect 13.31 

In we carry out this argument for the particular case where a = b, V — x\* , and A — B. 
Additional efforts are required to keep track of the adjoint action of B on b: the dg-algebra R comes 
equipped with an action of quantized Borel algebra, while the algebra Sym(n*[— 2]) is acted upon 
by the classical enveloping algebra Z^b. This difficulty is overcome using the Steinberg module. We 
refer to ^for full details. 
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3.7 Digression: Deformation formality. This subsection will not be used elsewhere in the 
paper. Its sole purpose is to put Theorem 13 . fci . 1 1 in context. 

Recall that the algebra b is a normal Hopf subalgebra in B, and we have B/(b) =Ub. This 
gives, by Lcmma r2. 11.21 a canonical Z^b-action on the graded algebra H' (b, kb) = Ext^_ ,jjQ(j(kb, kb)- 
One of the main results of |GKj says 

Proposition 3.7.1. There is a natural Lib -equivariant graded algebra isomorphism Sym(n*[— 2]) 
^ Extb!jj,od(I'^b,k:b) • Moreover, we have Extb^'J„Qd(kb, kb) = 0. 

Remark 3.7.2. In [GK], we used the standard adjoint (commutator) action ad a ; a; i~> ax — xa, 
rather than Ad^^^p^B action on b, in order to get an Z^/b-equivariant structure on the Ext-group 
Extb(kb,kb). Although these two actions are different they turn out to induce the same Ub- 
equivariant structure on the cohomology. 

To explain this, we recall that the construction of \(.iK\ is based on a certain natural trans- 
gression map T : H^{Z,k^) iJ^(b,kb) :~ Ext^_jjjQ(j(kb, kb), see |GKI Corollary 5.2]. The isomor- 
phism of Proposition 13.7.11 is obtained by extending the map r by multiplicativity to an algebra 
morphism 

Sym(T) : SymH'{Z,k^) Ext^^^^iK^K), (3.7.3) 

and then using the canonical vector space isomorphisms H^{Z,k^) = Z^/{Z^)'^ = n* (the last one 
is due to Corollarv l2.9.6l) . 

Observe that the algebra B acts on each side of (13. 7.311 in two ways: either via the commutator 
action, or via the Hopf-adjoint action. Furthermore, it has been shown in jGKI Lemma 2.6] that the 
map T, hence the isomorphism in H3.7.3|) . commutes with the commutator action. It is immediate 
from definition of Hopf-adjoint action that the map r automatically commutes with the Adi^^^^^B- 
actions as well. Now, the point is that although the commutator action of B on Z differs from 
the Ad|,^pf B-action on Z, the induced actions on ^^/(Zj)^ = n* coincide, as can be easily seen from 
explicit formulas for the two actions. Thus, isomorphism (|3.7.3() implies that the two actions on 
Ext^'j„Q(j(kb, kb) are equal, as has been claimed at the beginning of Remark 13.7.21 

In spite of that, it will be essential for us (in the present paper) below to use the Hopf-adjoint 
action rather than the ordinary commutator. The difference between the two actions becomes 
important since these actions agree only on the cohomology level, but may not agree at the level 
of dg-algebras. 

Using (an appropriate version of) the equivalence ^ of Theorem 13.6.11 (more precisely, the 
equivalence ^' of Theorem 15.7.11 below), and using that S^(k^) — kb, one obtains Z//b-equivariant 
dg-algebra quasi-isomorphisms, cf H3.3.2|l : 

REndb(kb) ~ REndb(^?'(kJ) ~ REnd^^s (;\) (k J = S. (3.7.4) 

Our construction of a concrete DG-algebra representing the object REnd^(kb) on the left, provides 
it with additional Z/^b-action, so that all the quasi-isomorphisms in l|3.7.4() turn out to be compatible 
with Wb-equivariant structures. 

Comparing with Proposition l3.7.Tl this yields the following result saying that the dg-algebra 
REndb(kb) is Z^/b-equivariantly formal: 

Theorem 3.7.5. The dg-algebra Ub k REnd|3(kb) is quasi-isomorphic to the algebra 
Ub K Ext^(kb,kb) =hlb k Sym'(n*[— 2]), viewed as a dg-algebra with trivial differential. 

It is not difficult to show that the equivariant formality above is in effect equivalent to Theorem 
13.6.11 To see this, one has to recall that the very definition of Z^b-action on REndb(kb) appeals to 
the quantum algebra B. Hence, the equivariant formality statement must involve in one way or 
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the other the algebra B as well. Trying to make this precise leads (as it turns out) inevitably to 
Theorem l3.6.1l 



Remark 3.7.6. A rough idea of our approach to the proof of Theorem l8.7.5l is to replace the algebra b by a 
'larger' dg-algebra Rb, which is quasi-isomorphic to it. We then construct an explicit Wb-equivariant algebra 
homomorphism S KEnd^^{k^^^) with described properties. The main difflculty in proving Theorem 
13.7.51 is in the Wb-equivariance requirement. Insuring equivariance crucially involves the existence of the 
Steinberg U-module, see 15.4.411 . Without the equivariance requirement, the result reduces, in view of 
Proposition 13 . 7. f1 to a special case of the following simple 

Proposition 3.7.7. Let a be a Hopf algebra such that Ext3(ka,Ika) is a free commutative algebra generated 
by finitely many elements of even degree. Then the dg-algebra REnd^ (ka) is formal. 

Proof. Let hi,...,h„ £ Exta' (ka, ka) be a finite set of homogeneous generators of the cohomology algebra, 
and let P be a projective resolution of ka . The Hopf algebra structure on a gives rise to a tensor product 
on the category of complexes of a-modules. In particular, we may form the complex P®" which is a 
projective resolution of k^" ~ ka (note that tensor product of any a-module and a projective a-module 
is again a projective a-module). Thus, the dg-algebra Homa (P®", P®") represents RHoma(ka, ka). For 
each i — 1, . . . , n, choose hi G Homa (P, P) representing the class hi £ H (a, ka). Then, it is clear that the 
element 

— idp®...idp (g) idp®...(g)id^ £ Horn' (P®", P®") 

(i — 1) times (n — i) times 

also represents the class hi £ Exta (ka, ka). Furthermore, for i ^ j, the morphisms hi and hj act on different 
tensor factors, hence commute. Therefore, the subalgebra generated by the hi, . . . , h„ is a commutative 
subalgebra in the dg-algebra Homj (P®", P®") which is formed by cocycles and which maps surjectively 
onto the cohomology algebra. The latter being free, the map is necessarily an isomorphism, and we are 
done. □ 

An analogue of Theorem 13 . 7. 51 holds for algebraic groups over F, an algebraically closed field 
of finite characteristic. Specifically, let be a connected reductive group over F, let C be 
a Borel subgroup, let B^^-* denote the first Frobenius kernel of B^, and write F^^^^ for the trivial 
2j(i)-niodule. One can see, going through the proof of Theorem 13. 6. II that our argument also may 
be adapted to prove the following result: 

The dg-algebra REnd (F^^.^^ ) is formal as a dg-algebra in the category of B^ -modules. 

3.8 Equivariance and finiteness conditions. To prove Theorem 13.6. II we need to introduce 
several auxiliarly triangulated categiries. 

Below, we will be considering various dg-algebras A — (Bi<o Ai (concentrated in non-positive 
degrees), that will come equipped with the following additional data: 

• A natural grading by the root lattice Y (which is preserved by the differential, as opposed to 
the Z-grading): A = ®iezA^, where A^ = ®^gY^i(M)- 

• A differential Z x Y-graded subalgebra G = ©igz Cj C A, Gi = ©pgYCi(M) such that the 
cohomology H' (C) is a finitely generated graded Noetherian algebra. 

• An Y-graded subalgebra U C Ag equipped with a 'triangular decomposition' U = C/"*" ® U°, 
such that U° has Z x Y-degree zero, and U'^{fi) = unless ^ G Y+ is a sum of positive roots. 
Further, we require U to be annihilated by the differential, i.e., that d{U) = 0. 

• A Hopf algebra structure on U. 
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Remark 3.8.1. Observe that multiplication map in : A ^ A ^ A is automatically an kd^^^^U- 
equivariant map. To see this, consider the iterated coproduct A'^ : U U®^. Given u € U, 
write A^{u) — u'^^^ (g) u^^^ ® u*^^^ (8) u^^\ Then, for any a, a £ A, we have m(^kd^^^^fU{a ® a)) — 
u^^^ ■ a - S{u^'^^) -u^^^ • a - ^(u^^^). But the axioms of Hopf algebra imply that, writing A{u) = u' ®u" 
(Sweedler notation), in U"^^ one has u*^^^ ® S{u^'^'i) ■ u^^^ (g) u'-'^^ = u' (g) 1 (g) u" . Our claim follows 
from this equation. 

Let {A, C, U) be a data as above. In what follows, the algebra U will be either classical or 
quantum enveloping algebra of a Lie subalgebra in our semisimple Lie algebra q. So, any weight 
/J, GY will give rise to a natural algebra homomorphism fj, : U° ^ k. 

Let M — i^eY be a Z x Y-graded A- module, equipped with a differential d such 

that (i(Mi(j/)) C Mi^i{v) , Vi G Z, i/ e Y. The tensor product of the Ad^^^^, [/-action on A and 
tZ-action on M obtained by restricting the A-action make A® M an {/-module. 

We say that the module M is compatible with (A, C, C/)-data if the following holds: 

• The action map A® M ^ M is an {/-module morphism compatible with Z x Y-gradings; 

• We have um — v{u) ■ m for any u G U° , v £ Y , and m e Miiy). 

Let DGMy(A) denote the homotopy category of differential Z x Y-graded ^-modules com- 
patible with (A, C, C/)-data. 

Further, write H H' (C). We have a natural graded algebra map H ^ H' (A), and also an 
algebra map U H^{A), since d{U) = 0. 

Definition 3.8.2. Let Dy{A,H) denote a full subcategory in the triangulated category 
£)(DGM^(A)) formed by the objects M e L>(DGM^(A)) such that 

• The cohomology module H' (M) is finitely generated over H; 

• The restriction of the iJ ' (j4)-action on H' (M) to the subalgebra U is locally finite, i.e., 
dim Um < oo, Vm £ H' (M). 

It is clear that Dy{A,H) is a triangulated category. The objects of Dy{A,H) may be called 
U -equivariant, homologically H-finite, dg-modules over A. 

Remark 3.8.3. (i) In the case [/ = k wc will drop the superscript '[/' from the notation. 

(ii) Observe that in the notations DGMy(A) and Dy{A,H) the superscript '[/' has different 
meanings: according to our definition, the objects of DGMy(A) = DGMy°(A) are required to 
have a weight decomposition only with respect to the subalgebra U° C U, while in the Dy{A, H)- 
case there is an additional local finiteness condition for the [/^-action on the cohomology of M £ 

(iii) Let A be an ordinary (noetherian) algebra, viewed as a dg-algebra concentrated in degree 
zero and equipped with zero differential, and let C = A. Then we have H = A, and the category 
Dy{A, H) = Dy{A, A) is in this case (an Y-graded version of) the full subcategory of the bounded 
derived category of A-modules, formed by the objects M such that the cohomology H' (M) is a 
finitely generated A-module. 

The adjoint action of the group B on the algebra A = A'(n[l]) gives rise to an iYb-action on 
A. Therefore, we may perform the cross-product construction of Proposition 12 . KETI 

Notation 3.8.4. Let A :— Ub x A denote the cross-product algebra, viewed as a dg-algebra with 
zero differential and with the grading given by the natural grading on A = A'(n[l]) C A and such 
that the subalgebra Z/^bK{l}cA=Z-/bxAis placed in grade degree zero. 
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Applying Definition 13 . 8 . 21 to the triple A := A = Ub k A, C := A, and U := Ub, one obtains a 
triangulated category Dy^{A,A). The algebra A being finite dimensional, for any M S Z3y^(A,A) 
one has dim_ff'(A/) < oo. In particular, the action on H'(M) of the Lie algebra n is nilpo- 
tent, hence, can be exponentiated to an algebraic action of the corresponding unipotent group. 
Combined with the Y-grading, this makes H' (M) a finite-dimensional algebraic i?-module. 

Now consider B, the quantum Borel subalgebra, as a differential Z x Y-graded algebra con- 
centrated in Z-degree zero, and equipped with zero differential. The algebra B contains b as a 
subalgebra. Associated to the data A = U = B and C = H' [C) = b, we have the triangulated 
category I?y(^i Definition 13.8.21 Again, we have dimb < oo, hence, for any M S D^{B>^ b), 

the cohomology H' (M) acquires a natural structure of finite-dimensional B-module. 

3.9 Comparison of derived categories. In 50 we will prove the following 

Theorem 3.9.1. There exists a fully faithful triangulated functor ^ : £'y^(A, A) — > D^iB, b), such 
that SiK) = a^c^ such that S{KW «> M) ^ Ikg(U) (g) S^(M), for any XeY, M e D^^{A,A). 

In order to deduce from this result the equivalence of the Equivariant formality Theorem l3.fi. II 
we need to replace triangulated categories on each side of the equivalence in Theorem l3.fi. ll bv larger 
categories. Specifically, we should replace the category D^{A), see Sect. 13.2.21 by the category 

Dy'' (A, A). The objects of the former category are i3-equivariant dg- modules over A with algebraic 
i3-action, while the objects of the latter are dg-modules over A with Z^b-action which is not required 
to be locally-finite, hence, cannot be be exponentiated to a i?-action, in general. More precisely, for 
any M € DGMy (A, A) , the action in M of the Cartan subalgebra of b is diagonalizable (according 
to the Y-grading on M), while the action of the subalgebra Un C Ub may be arbitrary: only the 
induced Wn-action on the cohomology of M is algebraic. Since any algebraic B-module may be 
clearly viewed as a Lie B-module, we see that every object of DGMf (A) may be also viewed as an 
object of DGM^''(A, A). Thus, we have a natural functor Ia : Df{A) Dl^^{A, A). 

Similarly, we would like to replace the category £',^.^(B) in Thcorcm l3.fi. ll bv a larger category 
Dy{B, b) introduced in ti3.8l Again, there is a natural triangulated functor is : D^^.^{B) DyiB, b). 

In order to compare Theorem 13 . 6 . II with Theorem l3.9.1l we are going to prove 

Proposition 3.9.2. (i) The functor ia : Df{A) D^^{A,A) is an equivalence of triangulated 
categories. 

(ii) The functor Ib : D^^.^{B) Dy{B, b) is fully faithful, i.e., makes £),^.^(B) a full subcategory 
inD^{B,h). 

The proof of the Proposition exploits the following 'abstract nonsense' result that will be also 
used at several other places. 

Lemma 3.9.3. Let i : jz/ .s/' be an exact functors between two triangulated categories. Assume 
given a set S of objects in such that 

• The minimal full triangulated subcategory of , resp. of si' , containg all the objects M G S, 
resp. all the objects i{M), M € S, is equal to s/, resp. to s/' . 

• For any Mi , M2 G S, the functor i induces isomorphisms 

Hom^(Mi,M2[fc]) Hom^,(i(A/i),i(Af2)[fc]), Vfc £ Z. 
Then i is an equivalence of triangulated categories. □ 
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Proof of Proposition \3.9.!iA To prove (i) , we first show that the functor \/\ induces isomorphisms 
Ext;,«(^)(k,(A), k,(/i)) ^ Ext^„,(^^^)((k,(A), kjM)) VA,/i e Y. (3.9.4) 

We argue as follows. Write N for the unipotent radical of B and C Un for the augmentation 
ideal. For any A; > 0, let {Un/U'^)* be an Z/^n-module dual to the finite-dimensional left Un- 
module Un/U'^. It is clear that limind iUn/U^)* is an injective Z^n-module, moreover, we have an 

k — >oo 

imbedding k„^, ^ limind {Un/U'D* . 

k — ^oo 

Observe further that the Z^n-action on iUn/U^)* can be exponentiated to give an algebraic 
representation of the group TV. By a standard argument, one therefore obtains a resolution k„_, ^ 
la —f Ii —f ■ ■ ■ , where each 7^, fc = 0, 1, . . . , is an object of Jim iud Rep (A'^) which is injective as an 
Un-xnodvAe. Now, for any A € Y, we may treat each 1^ as a Ub ix A-module such that Ui acts via 
the character A and the algebra A acts trivially. Since 1^ is injective as Z//n-module, it follows by a 
standard homological algebra that the morphisms RHom^sj-y^-) (/fc, /;) RHom^«[, ^^(/fc, //) are 

isomorphisms, for any fc, Z = 0, 1, . . . . This implies (|3.9.4(l . 

We claim next that the objects of the form {k^(A)}AeY generate Z?y''(A, A), resp. the objects 
of the form {k^(A)}AeY generate D^{A), as a triangulated category. This is proved by the standard 
'devissage', the key point being that dimH'{M) < oo for any M £ Dy'^{A,A). In more detail, 
let D be the smallest triangulated subcategory in Dy'^{A,/\) containing the objects {k^(A)}AeY- 
One then shows by descending induction on dimiJ'(Af) < oo, that, M e Dy^{A,A) M G D. 
This is done using standard truncation functors r--' , which take A- modules into A- modules since 
the algebra A is concentrated in non-negative degrees. This proves our claim for the category 
Dl^''{A,A); the proof for the category Df (A) is identical. 

The proof of part (i) of the Proposition is now completed, in view of (|3.9.4|l . by Lemma [3. 9. 31 
The proof of part (ii) is entirely similar. □ 

To deduce Theorem 13.6.11 from Theorem 13.9.11 we use Proposition 13.9.21 and consider the 
following diagram 

pJm tJeeh >Jm 

The functor i/\ in the diagram is an equivalence, and the functors 5^, is are both fully faithful. Fur- 
ther, Theorem EO insures that 5^oiA(k^(A)) = iB(kB(/A)), for any A e Y. Let I? C D^{B,h) 
denote the full triangulated category generated by the objects {5'oiA(kA(A))}AeY. It follows 
from Proposition I3.9.2r ii') and Lemma 13.9.31 that this category is the same as the category gen- 
erated by the objects {iB(kg (ZA))}AeY; moreover, our functors induce triangulated equivalences 

D^{A) — D — Z),^|„(B). Inverting the equivalence Ib, we obtain this way an equivalence 
5 : DJ{A) £'j^.^(B), which is by definition the equivalence of Theorem l3.6.1l 
Summing-up, we have the following equivalences of triangulated categories 

^fohcrc„t(A^) ^cVc„t(n) ^ D'^[S) a Df{A) (3.9.5) 

S , . Rind!; 

AJB)— -^i?''block(U). 



Thm. I3XTI '""^ ' Thm. 

Let 0-^{\) be a G X Gm-equivariant line bundle on M obtained by pull-back from the flag 
manifold G/B of a standard G-equivariant line bundle corresponding to the caharacter A € Y, 
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see Notation 18.5.11 Applying the functors i* and F in the top row of 13.9.5|) . we clearly get 
r(n, 1*0- (A)) = S(A), where S(A) a rank 1 free S-module, viewed as a dg-module over Uh ix S 
with zero differential and with the action of the subalgebra Uh C Ub ix S being the natural one 
on S twisted by the character A. Further, twisting the Gm-equivariant structure on Oj^{X) by the 
character z t-^ z'^ corresponds to degree shift by k in the S-module. Thus, we obtain 

Theorem 3.9.6. The composite functor Q' : D'^oherenti-^) £'''block(U) in H3.9.5(l provides an 

. , u 

equivalence of triangulated categories such that Q' yz ® ©^(A)] = Ind^^ (ZA)[/c] , V/c e Z, A G Y. □ 

The (non-mixed version of the) functor Q in diagram is defined to be the inverse of 

the equivalence Q' in the Theorem above. 

4 Proof of Induction Theorem. 

The goal of this section is to prove Theorem 13. 5. 51 

4.1 Intertwining functors. For every simple affine root a E I U {0}, let Sa G W.^f( denote the 
corresponding simple reflection. We partition the lattice X into alcoves of 'size' / in such a way 
that the 'base vertex' of the fundamental alcove is placed at the point (— p). Given A S Y, let Ca 
denote the unique a-wall of the alcove containing A, and let A''" be the reflection of A with respect 
to Ca- The assignment: A i-^ A"" extends to a W^jf-action, that we call the right T^/^^ff-action. 
When restricted to points e X of the form v = Wa » G W^a- • 0, this action becomes the right 
multiplication v = vua ' i — > v'^" = (waSa) • 0. 

It is clear from definition that, for any A, /i e Y and w £ W^n, one has (/i + ZA)"" = (/i™) -|- IX. 

Below, we will use the following general construction of homological algebra, see e.g. [GM]. 
Let SS be two abelian categories with enough projectives, and let i^i, F2 : jz/ — > ^ be two exact 
functors. Assume in addition that we have a morphisni of functors : F\ ^ ¥2- Then there is 
a well-defined mapping-cone functor Coiie{(p) : D^{s^) — > D^{S§), which is a triangulated functor 
between the corresponding bounded derived categories. 

Recall now that there are so-called reflection functors Sq : block(U) — * block(U) defined 
by composing translation functor 'to the wall' Ca, see e.g. [APWI §8], with translation functor 
'out of the wall' Ca ■ Translation functors being exact (as direct summands of functors of the 
form V ®k (— ), for a finite dimensional U-module V), it follows that Sq is an exact functor. 
Furthermore, there are canonical "adjointness" morphisms id — )■ S^, and id. Applying the 

above mentioned general construction of the mapping-cone functor to the morphism id S^, 
resp. Sq id, one obtains a triangulated functor 6*+, resp. e-. The functors 9^ : i:i''block(U) 
D''block(U) defined in this way are usually referred to as intertwining functors. 

Lemma 4.1.1. (i) In D^block(U) we have canonical isomorphisms: 

Bloe-=\d = e-oel, Vae/u{o}, 

in particular, the functors 0^,9^ : i)''block(U) — > L)''block(U) are auto- equivalences. 

(ii) If X € Waff • 0, and Sa is the reflection with respect to a simple affine root a G / U {0} 
such that A"" > A, then 6'+(RIndg A) ^ RlndJA""). 

Sketch of Proof. Part (ii) of the Lemma follows directly from |APWI Theorem 8.3(i)]. 

A statement analogous to part (i) of the Lemma is well-known in the framework of the category 
O for a complex semisimple Lie algebra, see |Vo) . Specifically, it is clear from the adjunction 
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properties that the functor 0^ ° ^ai resp. 0^ ° is quasi-isomorphic to a complex represented 
by the following commutative square 



■Id 



On the other hand, the left vertical and low horisontal arrows of the square form a short exact 
sequence — *■ — > Sq, o Sq, Sq, 0. This is proved similarly to the corresponding statement for 
the category O, with all the necessary ingredients (in our quantum group setting) being provided 
by |APWI Theorem 8.3]. It follows that the square is quasi-isomorphic to its upper-right corner, 
and we are done. □ 



4.2 Beginning of the proof of Theorem 13. 5. 51 The functor Rlnd^ takes the set {Ikg(ZA)}AGY 

u 

that generates category Z?^^.^ (B) as a triangulated category to the set {Rlnd^ (ZA)}AeY that generates 
category D''block(U) as a triangulated category, by CoroUarv 13.5.21 Thus, by Lemma rj.9.31 in 
order to prove Induction theorem we must show that: For all A,/x G Y, and i > 0, the canonical 
morphism, induced by functoriality of induction, gives an isomorphism 

Ext;(k,(a) , Kilfi)) ^ Ext; (Rlnd^aA) , Rlnd^l^/i)). (4.2.1) 



This isomorphism will be proved in three steps. 
Lemma 4.2.2. Both sides in \4-.2.1\j have the same dimension 

dim Ext; (k, (/A) , Km) = dimExt;,^^^^^/RInd;(/A) , mnAl{l^l)) , V* > 0. 



Proof. From Lemma 13.5.11 fauantum version of Borel-Weil theorem [APW]) we obtain 

R°Ind\g=ku and R^Ind^kg^O if i>Q. (4.2.3) 
Hence, for any B-module Af, we find 

Homg(kg , M) "''="°° Hom,(k„ , RInd%f) Hom^ (RInd\^ , Rlnd^^M) . 

This yields isomorphism (|4.2.1|l in the special case A = 0, and arbitrary /i S Y. 

The general case will be reduced to the special case above by means of translation functors. 
Specifically, for any A, /i G Y and v E Y++, we are going to establish an isomorphism 

RHom^i^^^,^) (^Rlndg (IX) , RIndg (l^)^ = RHoniy^^^^^^j, (^Rlnd^ (IX + Iv) , RIndg (/^i + lv)j . (4.2.4) 

To prove this isomorphism, we view the root lattice Y as the subgroup of W-^a formed by trans- 
lations. Let v = • • • Sa^ € W^ff be a reduced expression of G Y++ C Watt- Using the 
right Watt-action r i— > r™, we can write Iv = (0)(''°i "*°'-). Since u is dominant, and r'^*'"') — 
{ry^' ,\/w,y £ Watt, we obtain {0)i'''i-'-r) ^ ((o)(^°i-''"-i))"°'- > (o)(«-i-''".-i) > ... > 0. 
Therefore, for any A G Y and j = l,...,r — 1, we deduce 

(a)("°i-"°^+i) = a-t-(o)("°i-"°^+i) >a + (o)("°i-""^) = (a)("°i-"°^\ 
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Thus, we obtain 

l\ + lv= (/A)(""i-"°'-) > (/A)('°i'"''°'-i^ > . . . > ZA, VA e Y. 

Hence, Lemma EXTT ii') yields Indg(/A + Iv) ~ 6*+ o o • • • o 6*+^ ^Ind|^(ZA)^ . At this point, iso- 
morphism (|4.2.4|) follows from part (i) of Lemma r4.1.1l saying that the functor Oa is an equivalence 
of categories. 

To complete the proof, fix an arbitrary pair A, S Y, and choose v € Y++ sufficiently large, 
so that 1/ - A e Y++. Then, from (|4.2.4|l we deduce 

RHom,,„^,(,, (mndl (IX) , RInd|] (?^)) shift by - A 
~ RHom,,„^^,,, (RInd|^ (li^) , RInd|^ + - A))) shift by {-i^) (4.2.5) 
^ RHom,,^,,,, (Rlnd^CO) , RInd;(;(A* - A))) . 

We deduce that, for fixed «, the corresponding groups i?' Hom^^^in 14.2.51) all have the same di- 
mension. Moreover, by the special case A = of isomorphism H4.2.1I) . that has been already proved, 
this dimension equals dimi?' Homg(kg(0) , kg(Z/i — IX)). Further, using an obvious isomorphism 
RHomg(kg(0) , k^{lfi - IX)) ~ RHomg(kg(a) , kjlfj.)) we conclude 

dimExt^ (kg (/A) , Kil^i)) = dimExt;^^^^^ (RInd;;(a) , RInd^(/Ai)) . (4.2.6) 

This completes the proof of the Lemma. □ 

Remark 4.2.7. Observe that formulas H4.2.3|) and 14.2.5|l actually produce, for any A,/i e Y, a 
certain map of the form required in H4.2.1(l . Unfortunately, we were unable to show that the map 

u . . 

so constructed is indeed induced via the functor Rind , by functoriality. Therefore, below we will 
use an alternative, more round-about, approach. 

4.3 A direct limit construction. Let b = t ® n denote the Borel subalgebra opposite to 
b, so that the Chevalley generators {fi}i£i generate its nilradical n. For any fj, G the 
simple g- module with highest weight /i is cyclically generated over Ub hy its highest weight 
vector, i.e., a nonzero vector annihilated by n. Specifically, one has a Zin- module isomorphism 
= Un/ (/j^'^'"'^^^) ie/. We see that, for any G X++ such that fi — v€ X++, there is a unique, 
up to nonzero factor, map of i^b-modules k^-j^(t^ — (8) VJj — > V^, sending the highest weight 
line to the highest weight line. 

Dualizing the construction and using the Cartan involution on Uq that interchanges Ub and 
Ub, we deduce that there is a unique, up to nonzero factor, map of Z^b-modules Vjy ^ V"^ (g) k„,, {v — 
n) , sending the highest weight line to the highest weight line. For any fixed A g Y C X and 
u,fiGY, the induced maps e,y,^ : V,^ (8) k^^^ (A — i^) — > k„j, (A — fi) form a direct system 
with respect to the partial order ly <i ii on Y, cf. H3.4.5|) . We let lim (V^ \ (^k^^{X— i/)) 

denote the resulting direct limit Ub-module. This Z^b-module is clearly co-free over the subalgebra 
Un C Ub, and is co-generated by a single vector of weight A. 

Recall the i^b-module I\ = Ind^A introduced in H2.8l It is clear that there is a natural 
Ub-module isomorphism 

lim (8)k^,{X-i^)) ~ Ia = Ind^A. (4.3.1) 

1/GY+ + 
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Applying the Frobenius functor to each side of isomorphism H4.3.1|l we obtain, for any A e Y, the 
foUowing isomorphisms of B-niodules: 



Ind^(a) ~ "^(Ia) ~ hm ®Kil\-lj^)), (4.3.2) 



where the subalgebra p C B was defined in section [THl 

Lemma 4.3.3. For any A,/i G Y, the following canonical morphism, induced by functoriality of 
induction, is injective: 

Extl (lnd>A) , Indp(Z/i)) ^ Ext^^^^^, (Rlndp(ZA) , Rlndl{l^l)) (4.3.4) 

Proof. Recall that by formula l|4.3.2(l we have Indp(/A) ~ '^Ia , and therefore Rlndp(^A) — 
RIndg ^lndp(^A)^ — Rlndg('^lA) . To prove injectivity part of Lemma f4. 3. 31 we rewrite the mor- 
phism in (|4.3.4|l using Frobenius reciprocity as follows: 

Ext;{indf{ix) ,k,{l^^)) = Ext;{^i, , yifi)) 

^ Ext;(RIndJ'^lA) , kp(Z/i)) = Ext; (indp(a) , kp(;^)) . 

Here the morphism p is induced by the canonical B-module adjunction morphism p : 
Rlndg('^lA) — > "^Ia, restricted to p. Injectivity of H4.3.4(l would follow, provided we show 
that 

(i) the object Rlndg('^lA) G £'''block(U) is concentrated in degree 0, i.e., is an actual U-module 
and, moreover; 

(ii) the morphism p is a surjection, which is split as a morphism of p-modules. 

To prove (i), we apply the functor Rlnd^ to isomorphism (|4.3.2|1 and obtain 

Rlndl^C^lA) =i MndV 1™ ("^K (E)K{1\ - liy))) (4.3.5) 

= ( hin RInd|^(ZA - Iv) 

By the quantum group analogue of the Kempf vanishing, see |APW| . for A e — Y++, the 

object Rlndg(ZA) e Z3^block(U) is isomorphic to i?°Indg(ZA), an actual U-module, and all other 

cohomology groups vanish, i.e., i?'Indg(^A) = 0, for all i ^ 0. Hence, formula (|4.3.5|l shows that 
u , 

Rlndg'^lA is an actual U-module, because X — ly e — Y++, for ly large enough. 

To prove property (ii), we use the isomorphism Rind (IX) ~ i?°Ind (ZA), for A e — Y++. Then, 

u u 

by Frobenius reciprocity one has a canonical B-module projection 7 : Rlnd^ {IX) = Ind^ (IX) 

u 

Ikg(ZA). Furthermore, there is also an u-module morphism k„(?A) — > Indg(ZA). The latter morphism 
provides a b (= B n u)-equivariant section of the projection 7 that, moreover, respects the Y- 

u 

gradings. Hence the projection Indg(ZA) split as a morphism of p-modules. Using 

formula l|4.3.5|) we deduce from this, by taking direct limits as in the previous paragraph, that the 
projection p is also split as a morphism of p-modules. Therefore, formula (|4.3.2|l implies that the 
restriction of p to p is the projection to a direct summand. It follows that the map p in (|4.3.4|1 is 
injective. □ 
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Lemma 4.3.6. The objects of the form Indp(ZA), A S Y , generate i?,^.^(B) as a triangulated 
category; moreover, the morphism i4.3.4\ ) is an isomorphism. 

Proof. The first part of tlie Lemma is clear, since tlie algebra ZYn has finite homological dimension 
(hence, any B- module in Z?,^.^(B) has a finite resolution by objects of the form Indp (ZA)). Therefore, 
it remains to prove that (|4.3.4|) is an isomorphism. Observe that, for any given i, both sides in 
l)4.3.4|l are finite-dimensional vector spaces. This is so because the E'a^t-groups involved are finitely 
generated graded modules over the corresponding Ext-algehTa Ext'(lk, k), and the latter is known 
to be a finitely-generated graded algebra. Hence, by Lemma [4.3.31 we must only show that, for 
each i > 0, both sides in (|4.3.4|l are of the same dimension. 

To prove this we observe that, for any finite dimensional G-module V (viewed as an L(q- 
module), translation functors on block(U) commute with the functor Af M (g) '^V. Hence, 
tensoring by '^V, from Lemma [4.2. 2l we deduce 

dim Ext* (kJ/A) , k^il^i) (E) '*'V\ g) dim Ext*^^^^^^ (^RInd||(?A) , Rlndl{lfi) (E) . (4.3.7) 

We put V = V^, a simple module with highest weight i/. The equality of dimensions in l|4.3.4|l 
follows from equation H4.3.7|l by taking direct limit as ^ +oo in Y++ , and using formula 1)4.3.5(1 , 
in the same way as above. Lemma [4 .3. 61 is proved. □ 

This completes the proof of Theorem 13. 5. 51 



5 Proof of Quantum group formality theorem 

5.1 Constructing an equivariant dg-resolution. In order to begin the proof of Theorem 
I3.9.1l we recall the central subalgebra Z C 5B, see Definition 12.6.41 

Lemma 5.1.1. There exists a (super) commutative dg-algebra R = ®j<o R'j equipped with an 
lAb-action, and such that 

• The Ub-action on R preserves the grading, moreover, for each i, there is a direct sum decom- 
position R* = 0^gY such that ur = v{u) ■ r , G Ut C l^b , r G R'(i/). 

• = Z , and the graded algebra R is a free R^ -module; 

• H^{R) =K and W{R) ^0, for alii ^Q. 



Proof. The argument is quite standard. We will construct inductively a sequence of Y-graded 
Ub K Z-modules , i ^ Q, —1, —2, . . . , starting with :— Z, and such that each i?* is free over 
Z. At every step, we put a differential (of degree -1-1) on the graded algebra Syni(0_j^<,-<Q 
referred to as an n-truncated dg-algebra. We then set R := Sym(0^^Q i?*). 

To do the induction step, assume we have already constructed all the modules W , i = 
0, —1, . . . , —n, and differentials d in such a way that, for the n-truncated dg-algebra we have 



iJ^(Sym(®_„<,<oi?*)) 



k if j = 

if-n + l<j<0. 



Inside the n-truncated algebra, we have the following Ub k Z-submodule, C formed by 
degree (— n)-cycles: 

:= Ker(Sym(®_„<,Ko R') ^ Sym(®_„<,<o i?*)) , 
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(if n = —1 we set := Z^). We can find an Ub k Z-module surjection i?^"^^ -» C~", such 
that i?^"^^ is free as a Z-module. We let be the space of degree (— n — l)-generators of 

our {n + l)-truncated algebra, and define the differential on these new generators to be the map 
i?^"^^ -» C~". This completes the induction step. The Lemma is proved. □ 

The dg-algebra R has a natural augmentation given by the composite map 

e« : R = ©.<oR' R/ (©.<oR0 =Z ^ k. (5.1.2) 

We observe that the last property stated in Lemma 15.1.11 implies that the map is a quasi- 
isomorphism. 

Next, we form the tensor product R (g)^ R. This is again a Z-free (super-)commutative dg- 
algebra concentrated in non-positive degrees. We shall see ('Lemma l5.1.4f i')') that H' (R®^ R) — 
where A — A'(n[l]) is the exterior algebra generated by the vector space n placed in degree (—1). 

The dg-algebra R (g)^ R acquires a natural Z^b-action, the tensor product of the Zib-actions on 
both factors. We form the cross-product dg-algebra Z^b k (R (Xi^ R), where the subalgebra Z//b is 
placed in grade degree zero. Lemma l5 . 1 .41 below implies that we have 

H'{Ub K (R(g)^ R)) ^UbtK H'{R^^ R) =Z^b k A A, (5.1.3) 

cf.. Notation 13.8.41 Thus, we may consider triangulated categories D^^iUb k (R (^i^ R),A) and 
D^^{k,l\), where in the latter case A and A are treated as a dg-algebras with trivial differential. 

The R-bimodule R may be viewed naturally as an object oiD^^iUb k {R®^ R),A). 

Lemma 5.1.4. (i) H'{R®^ R) = A (isomorphism of algebras and Ub-modules); 

(ii) The dg-algebra R R is Ub-equivariantly formal, i.e., there is a dg-algebra quasi- 
isomorphism i : Ub k A Ub x (R ®^ R). 

(iii) The induced equivalence : D^''{A,A) ^ Z?^'' (Z^b k (R®^ R), A) sendsk^ toi^{kJ = R. 

Proof. By construction, the augmentation : R ^ k in 1)5.1.2(1 gives a free Z-algebra resolution of 
the trivial Z-module . Thus, by definition of derived functors, the dg-algebra R (8)^ R represents 

L 

the object k^i^^k^ in the derived category of dg-algebras. Therefore, the cohomology algebra 
H' {R (g)^ R) is isomorphic to the Tor-algebra Torf (kz,k2). By Proposition 12.9.21 we have Z ~ 
k[B ■ B / B]. Hence, by CoroUarv 12 .9 . fif ii^ . we obtain Z^b-cquivariant graded algebra isomorphisms 
H-{R(g>, R)9^Torf(k,,kJ^A. 

Thus, to prove part (ii) of the Lemma we must construct an Z^b-equivariant dg-algebra quasi- 

isomorphism R (E)^ R A. We first construct such a map that will only be a morphism of 

complexes of Z//b-modules (with the algebra structures forgotten). 

To this end, we use the standard (reduced) bar-resolution {■ ■ ■ ^ Z Z^ Z^ Z ® Z^ Z) 

k^ , and replace the trivial Z-module k^ by a quasi-isomorphic Wb-equi variant complex of 
free Z-modules. Applying the functor (~) to this resolution term by term, we represent the 

L 

object k^(®^k^ by the following complex 

Bar' (Z,) : ... — > Z, (g) Z, (g) Z, — > Z,(g)Z, — > Z,^k^ . 

Now, given a € Z^, let d G Z^/Z'^ denote its image. It is well-known (see e.g. .Lo, ) that the 
assignment 

oi ig) • • • ig) a„ I — > ai A 02 A . . . A a„, Bar'(Ze) — > a'{ZJZ^) (5.1.5) 
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yields an isomorphism of cohomology. The map H5.1.5|) is clearly ZYb-equi variant, hence, we obtain 
a chain of i^fa-equi variant quasi-isomorphisms 

R^^R ^ K^^K = Bar'(Ze) ^ A'{Z,/Z^) = A. (5.1.6) 

15.1.51 

We can finally construct a dg- algebra quasi- isomorphism required in (|5.1.7|l as follows. Equip 
the vector space Ti[l] with the trivial Z-action (via the augmentation Z ^ k) and with the natural 
adjoint Z/^b-action. Let P' be an Ub k Z-module resolution of n[l] such that each term is free 
as a Z-module. 

Restricting the quasi-isomorphism A -5— > R 0^ R in (|5.1.6|1 to the subspace n C A, we get 
a morphism n[l] R (Xi^ R in the triangulated category of Z^b-modules. We can represent this 
morphism as an actual Z^b-module map of complexes / : P' — > R (g)^^ R, where P' is the Z- 
free resolution of the vector space n[l] (with trivial Z-action) chosen in the previous paragraph. 
The morphism / can be uniquely extended, by multiplicativity, to a dg-algebra morphism Z^,^ : 
A — > R (g)^ R. The latter map gives, by construction, an isomorphism on cohomology: n = 
A^n H~^{R^^ R). Therefore, since the cohomology algebra H' {R®^ R) = A is freely generated 
by its first component A^n, we deduce that the dg-algebra morphism Z^,^ induces a graded algebra 
isomorphism A iJ' (R (g)^ R). 

Thus, performing the cross-product construction yields a graded algebra isomorphism 

idwb x/3,, : W& X (R®z R) '^^ UhK\, (5.1.7) 

that induces the isomorphism of cohomology constructed at the beginning of the proof. □ 

Remark 5.1.8. The dg-algebra R®^ R is likely to be quasi-isomorphic to the bar complex Bar(Ze), 
equipped with the shuffle product algebra structure, cf. Lo . <C> 



5.2 DG-resolution of b. Recall that the quantum Borcl algebra 05 is free over its central 
subalgebra Z. We put Rb :— R (g)^ S. Thus, Rb = 0,j<Q R* is a, dg-algebra concentrated 

in non-positive degrees and such that its degree zero component is isomorphic to 5B. Further, the 
augmentation (|5.1.2fl induces an algebra map 

Rb = R ®2 » ^ ®^ » = Q5/(Z) = b . 

We may view the algebra b on the right as a dg-algebra with trivial differential, concentrated 
in degree zero. Then, Lemma 15.1.11 implies that the map above gives a quasi-isomorphism tt : 

Rb ^ b. 

Recall next the Adi^^^f B-action on 05 (see Proposition l2 . 9.2)) . and view R®r^ 05 as a tensor prod- 
uct of B-modules, where the B-action on the first factor is obtained from Zib-action via the Frobe- 
nius functor. Performing the cross-product construction we obtain a dg-algebra quasi-isomorphism 

TT : B K Rb ^ B K b. 

Since b — H' {Rh) C H' (B k Rb), we may consider the category D^lB k Rb, b). The quasi- 
isomorphisms constructed above induce the following category equivalences 

TT* : i:'Y(Rb, b) ^ L>Y(b, b) , and tt, : L>^(B k Rb, b) ^^(B ix b, b) . (5.2.1) 
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5.3 Construction of a bi-functor. A key ingredient used to construct the equivalence of 
Theorem 13 . 9 . II is the following bifunctor. 

£i^''(Z^b K (R®^ R),A) X 1)5(6 K Rb,b) — > D^{B tK Rb,b), M,N< — > M^irN . (5.3.1) 

L 

In this formula, the tensor product M(^rN is taken with respect to the action on M of the second 
factor in the algebra R(^z ^ ^^'^ '^i^h respect to the R-module structure on TV obtained by restriction 

L 

to the subalgebra R C R^z 53 = Rb. The object Mi8)rA^ thus obtained has an additional R-action 
coming from the action of the first factor R C R (Xi^ on Af. It is instructive to view the action 
(on M) of the first factor in R^r^ R as a left action, and of the second factor, as a right action, and 

L 

thus regard M as an R-bimodule. Then, the left R-action on M(^rN commutes with the *B-action 
on Mi^rN induced (via the imbedding *B ^ Rb) from the one on N. Furthermore, the left R- 
and the *B-actions agree on the subalgebra Z C (R (g) 1) n (1 (g) 05) (where the intersection is taken 
inside Rb = R ®^ S), and combine together to make Mi^rN into a Rb-module, that is, we put: 

(r (g) 5) • (m (g) n) = ((r (g) 1) • m) (g) 6 • n , V771 G M, n G iV, r (g 6 G R (g^ *B = Rb. 

L 

There is also a B-action on M(gRiV defined as the tensor product of B-action on M induced 
via the Frobenius fmictor from the Z^b-action, and the given B-action on N. It is straightforward 

L 

to verify that the above actions provide M(^rN with a well-defined B k Rb-module structure. 

L 

Remark 5.3.2. We note that although the tensor product in M(^rN is taken over the commutative 

L 

algebra R, the resulting R-action on MigpA^ is not compatible with other structures described 
above, due to the fact that the subalgebra R c B x Rb is not central. Thus, it is imperative to use 
the 'additional' R-action on AfgjpiV (arising from the first tensor factor in R^^ R) in order to get 

L 

an B K Rb-module structure on Mi^rN. 

The bifunctor l|5.3.H) should be thought of as 'changing' the Rb-module structure on N via 
the R-bimodule M. 



5.4 Main result. We now change our point of view and consider the algebra b as a su&algebra in 
B, rather than a quotient of *B. The imbedding b ^ B gives, via multiplication in B, a morphism 
of Ad|,^p, B- modules mult : B k b — > B, a; (g y 1-^ xy. By Proposition I2.10.'T1 the map mult is in 
effect an algebra map. The induced direct image functor mult, : i'f (B k b, b) — > ^y(^' ^) 
given by the (derived) tensor product functor M 1 — > ((B x b)/ Kermult)g)g^^M. Thus, we can 
define the following composite dg-algebra map, and the corresponding direct image functor 



B K Rb ^ B K b B, 



(5.4.1) 



15.2.11 



Q, : D^{B K Rb, b) 



D^{B K b,b) D^{B,b). 



Next, we consider the projection to the first factor /3 : B k Rb — > B , bt<r 1 — > b-e^f^{r), where 
the augmentation e^^ is given by the tensor product e^^ := e^^e,, : Rb = R®^ 5B — > k^^k^ = k. 
By Proposition l2 . 1 .11 the map (3 is an algebra morphism that gives rise to a pull-back functor /3*. 
Thus, we obtain the following diagram of algebras and functors: 



B K Rb 





^?(B,b) 



D^{B K Rb,b) 



(5.4.2) 



i^f(B,b) 
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Definition 5.4.3. Let £ be the Steinberg \J-module, twisted by an appropriate 1-dimensional 
character B — > k in such a way that its highest weight becomes equal to zero. Specifically, in the 
notation of sect. 13.41 below, we define £ as the following B-module £ l'-^^'^)p (g) kg((l — l)p). 

It is known, cf. I API , that the module £ becomes, when restricted to the subalgebra u+ C B, 
a rank one free u+-modulc. We regard £ as an object of -Df (B, b). A key property of this object 
exploited below, cf. (|5.5.6|l . is that, in i^f (B, b), one has a (quasi)-isomorphism 

a,/3*£ ~ k. 

We are now in a position to combine the above constructions in order to define a functor 
5" : D^^(pih K (R®^ R), A) — > D^{E,, b). To this end, recall the notation A := Z^b k A, see (pTOjl . 
We use the bifunctor H5.3.1|) . and the two functors in diagram (|5.4.2|l . to introduce the following 
composite functor: 

:S : D^\A,A) XDl^\UbK{R^,R),A) > Dg(BK Rb,b) ^ D^{B,b), 

AI I — > := a* (M I r/3*£) = mult^Tr, (i,M I , /3*£) . (5.4.4) 

Here is a more precise version of Theorem 13.9.11 

Theorem 5.4.5. We have ^{kj = k^, and S{KW ® M) = kg{lX) (g) S'(Af), for any X e Y and 
M € Dy''{A, A). Moreover, the functor ^ induces, for any X, fi E Y, natural isomorphisms 

The rest of this section is mainly devoted to the proof of the Theorem. 

5.5 Comparison of functors. The functor H5.4.4() has a 'non-equi variant analogue', obtained 
by forgetting the Hopf-adjoint actions. Specifically, we form the composite map q' : b k Rb 

b K b b, where vr : Rb b is the quasi-isomorphism constructed in H5.2I Let a'^ : 

Dyib K Rb, b) — > DY{b,h) denote the corresponding functor. Also, we have the following non- 
equivariant counterpart of the bifunctor H5.3.1() : 

DyCR^z R>A) X i:)Y(b K Rb, b) — > i:>Y(b K Rb, b), M,N> — > M^rN . (5.5.1) 

We use the equivalence induced by a non-equivariant analogue of Lemma l5 . 1 . 41 f cf . also H5. 1.7(1 ). 
to obtain the following functor 

(-)i.^k 

: Dy{A,A) ^ Dy{R<E),R,A) > i?Y(bKRb,b) ^Y(b,b), 

M I — » 5'(Af) :=a',(M|^k) = mult^vr, (i,Af I r k) . (5.5.2) 

In order to prove Theorem 15.4.51 we will need to relate the functors ^ and ^' . To this end, 
given an algebra A and a subalgebra a C A, we let Res^ : A- mod a- mod denote the obvious 
restriction functor, and use similar notation for derived categories. 



35 



Lemma 5.5.3. There is an isomorphism of functors: Res^ o 5 ~ ^' o Res^, in other words, the 
following diagram commutes: 



^f(B,b)- 



Res" 



^Y(b,b) . 



Proof. We restrict the algebra morphisms a and (3 in diagram (|5.4.2|l to the subalgebra b k Rb C 
B K Rb, and consider the foUowing diagram: 

b K Rb = b K (R®^ <8) (5.5.4) 




In this diagram, the map tt : Rb ^ b is the quasi-isomorphism of t l5.2l and the map mult : b x b ^ b 
(given by multiplication in the algebra b) is an algebra morphism, by Proposition 12.1(01 Thus, 
the right triangle in diagram (|5.5.4|l commutes, by definition of the map a. 

In the left triangle of diagram l|5.5.4() . we have the map 

/3|bKRb : b IX Rb = b K (R ®^ «B) — > b, 6 x (r «) 6) i — > b ■ e^{r) ■ Tr(b) . 

Further, the map 7 in (|5.5.4|l is the algebra isomorphism of Proposition 12 . 1 (TTT iii) . which is given 
by: b X b' 1 — > b (g) bb' . Thus, we see that the triangle on the left of diagram H5. 5.4(1 commutes also. 

Computing the inverse of 7, we get 7~^(6 (81 fo') = b t< {S{b) ■ b'). Therefore, we find: 
mult 07^1(6 (g) b') = eb(6) • b' . Further, observe that since the Ad^^^^pj b-action on Z is trivial, we 
have an algebra isomorphism b k (R (g)^, S) ~ R (g)^ (b x S). We introduce the composite quasi- 
isomorphism 

6» := 7 o (Idb ktt) : b k Rb =R (g^ (b x «8) ^ b (g b, 

rg) (6 K 6) I — > ejr) • {b® (fe-7r(6))). 

Thus, we can rewrite diagram (|5.5.4|l in the following more symmetric form: 

Rg)^(bx«8) (5.5.5) 




Next, let £' := Resi^i! be the Steinberg module £ viewed as an object of Z?Y(b, b). Since 
~ u"*", we deduce that: (ej*(£') = k, where (ej* is the direct image functor corresponding 
to the augmentation : b — + k. On the other hand, one may also view the b-module £' as a 
Q3-module via the projection *B ''S/{Z) = b. Then, using the left triangle in diagram H5.5.5|l . 
we get: 

ReSbKRb(/3*'C) = 6'*°(Id(geJ*£' = r(£' (g k) = £' (g k . (5.5.6) 
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Therefore, for any M e D^'^ {Ub k (R (g)^ R), A), applying bifunctors H5.3.1II . H5.5.1|l . we obtain 

0* (ResL^'b'(^ I 0* ((Resj^r.r^ ^0 ^ « (£' ® k)) • (5.5.7) 

Now, let M := i^M, for some M e D^^{IK,\). Then, using the right triangle in (|5.5.5|l and 
the definition of the functor 5^', see H5.5.2f) . we obtain 

ReSb5(M) = Res^ o a* (M I by 

= (e, (g) Id), o 61* (M 

= (e, (g) Id), o 61, (M I) , (£' g) R)) 

= (e, (gId),(£'(g^'(Res^M)) 

= ((ej,(£')) '^^'(Res^Af) = ;?'(Res>f) , 

and the Lemma is proved. □ 



5.6 'Deformation' morphism. Below, we will use a well-known result of Gerstenhaber saying 
that, for any algebra A, the graded algebra Ext^_^ ^{AiA) is always commutative. We also 
remind the reader that the category A- mod may be viewed as a module category over the category 
A-bimod, of A-bimodules. This gives, for any M e A- mod, a canonical graded algebra morphism, 
to be referred to as evaluation at M: 



ev,, : Ext;_bi,„„d(Ai4) ¥.^tA_,-^,^{M,M) . (5.6.1) 

Now, recall that the quantum Borel algebra *8 is a free module over its central subalgebra 
Z. Let e G Spec Z denote the 'base-point' corresponding to the augmentation ideal C Z. We 
will view S as a flat family of (non-commutative) algebras over the smooth base Spec Z whose 
fiber over the base-point is the algebra b = ®^ S = ?B/(Z). Otherwise put, the algebra is 
a multi-parameter deformation of b. By the classical work of Gerstenhaber, such a deformation 
gives a linear map T^{S'pec Z) E;xt^_^ ^(b, b), where Te(SpecZ) denotes the tangent space at 
the point e. By commutativity of the algebra Ext^_^ ^ (b, b), the linear map above can be uniquely 
extended, by multiplicativity, to a degree doubling algebra morphism 

deform: Sym' (r,(Spec Z)) — > Ext2_'^__^^^_^(b,b). (5.6.2) 

Next, we would like to take the Adi^^^^,, B-action on b, cf. Proposition l2.9.2l into considerations. 
The Ad, ,B-action induces, for each 7 > 0, a B-action on Ext-* (b, b), that makes Ext* (b, b) 

''"Pf ' , J _ J ^ b-bimod V— ' — y ' ^ ^ ^ b-bimod ' — ' 

a graded B-algebra. Enhancing Gerstenhaber's construction to the equivariant setting, one finds 
that the algebra map (I5.6.2|l is actually a morphism of B-modules. 

It turns out that the B- action on each side of (|5.6.2|l descends to the algebra B/(b), which is 
isomorphic to Ub via the Frobenius map. This follows, for the RHS of (|5.6.2|l . from the general 
result saying that the Hopf-adjoint action of any Hopf algebra a on Yjxi^_^-^^^^{a,^ is trivial, see 
>I2.11I For the LHS, we use CoroUarv 12.9.61 saving that there is a canonical Ad^^^, B-equivariant 
isomorphism of vector spaces Te(SpecZ) ~ Z^jZl ~ n*. Thus, the morphism in H5.6.2|l becomes 
the following Z^/b-equivariant graded algebra morphism 

deform: Sym'(n*[-2]) — > Ext'_^__^^^ (b, b) . (5.6.3) 
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5.7 General deformation formality theorem. Our proof of Theorem 15.4.51 is based on a 
much more general Theorem 15 . 7 . II below, proved in ,BG. . 

To explain the setting of BG , let b be (temporarily) an arbitrary associative algebra and 58 
an arbitrary fiat deformation of b over a smooth base SpecZ. Choose R, a Z-free dg-resolution of 
the trivial Z-module (as in Lemma |5.1.1l but with Z^b-action ignored), corresponding to the 
base point e e SpecZ. Put n := T^Z and A := A*(n*[l]). We form the dg-algebras Rb := R®^ *B, 

and R®^ R. Then we establish, as we have done in il5.1l dg- algebra quasi- isomorphisms i : A 

R (8)^ cf. 1)5.1.7(1 . and tt : Rb b. Thus formula 1)5.5.2(1 gives, in our general situation, a 

well-defined functor ^' : DYiA, A) — > DYih, b). 

In IBGI, we prove the following result. 

Theorem 5.7.1. We have ^'{k/\) = kb. Furthermore, the induced map ^'^ makes the following 
diagram commute 

Sym(n*h2]) -& Ext;,^,^^_^^ (k^, k^) 1 . Ext;^,^^^^, {S'{k,) , ^'{k,)) 



deform 



15.6.31 



Ext;.,,„,d(b, b) ^ Ext^,,,(b,b)(kb,[ 



5.8 Proof of Theorem [5X5I Recall that A := k A. We first prove that 

i?(k^(A)) =k3(/A), VAeY. (5.8.1) 

To this end, we use Lemma f5 .5.31 and Theorem 15 . 7. II to deduce that the dg-module ReSb5^(k^) G 
£'Y(b, b) is quasi-isomorphic to the trivial module k. In particular, it has a single non-zero coho- 
mology group: iJ"(^J(k^)) ~ k, no matter whether it is considered as a B-module, or as a b-module. 
But the action of the augmentation ideal (U+)e of the (sub) algebra U+ C B on the cohomology of 
any object of the category Dy{B, b) is necessarily nilpotent. Hence the subalgebra U+ acts trivially 
(that is, via the augmentation) on the 1-dimensional vector space i?°(3^(k^)) ~ k. Furthermore, 
since the module £ has been normalized so that its highest weight is equal to zero, it immediately 
follows that the 1-dimensional space iJ*'(^J(k^(A))) has weight IX with respect to the U°-action. 
Thus, we have a B k b-module isomorphism i7*'(5^(k^(A))) ~ kg (/A). We conclude that the object 
S^(k^(A)) is quasi-isomorphic to kg(ZA) e Dy{B, b), and ((5.8.1(1 is proved. 

To complete the proof the Theorem, we must show that the functor ^ induces a graded 
algebra isomorphism 

Ext;,«.(A,A)(k.(A),k,(/i)) ^ Ext;,B(B,b)(i?(kA(A)), 5(k,(M))) (5.8.2) 

= Ext^B(B,b)(IkB('A),kB(/^)). 

To compare the Ext-groups on the LHS and on the RHS, we use the spectral sequence provided by 
Lemma [2. 11 .21 Specifically, since A/(A) ^Ub and B/(b) =Ub we have the following two spectral 
sequences, see ((2.11.111 : 

HP{Ub ,Ext%_^^^^^^{K{X),kM)) ^ EP''^ =^ i?^+« = grExt^-L',(^_^)(k,(A),k,(/.)) 



m{m ,Extl^^,^,^{K{ix),Km) ^ EP-'^ =^ ep^'^ ^gTExe^l^^^^iK{ix),K{ifi)). 

(5.8.3) 
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The vertical arrow on the left of the diagram is induced by the map : Ext^^(/y /y-)(k^, k^) 
Ext^^(t, t,)(5^'(kj , S^'Ckj). Theorem EZU implies that this map may be identified with the 
composite map 

deformoev,^: Ext;,_,^(;,^A)(k„ kj - Sym(n*[-2]) Ext^^(b,b) (^'(kj , ^'(kj) . 

But the latter map is exactly the map that was used in |GK| to construct the Z//b-equivariant 
isomorphism in Proposition l3.7.Tl Thus, we conclude that the functor ^'^ induces an isomorphism 
between the i?2-terms of the two spectral sequences in (|5.8.3|) . 

Further, the vertical map between the .Eoo-terms on the right of diagram H5.8.3|) is induced 
by the functor 5". This map coincides, by Lemma 15.5.31 with the map induced by the isomorphism 
between the £'2-terms of the spectral sequences. Hence, it is itself an isomorphism. It follows that 
morphism H5.8.2|l is an isomorphism. □ 

PART II: Geometry. 

Throughout Part II (with the exception of §9) we let k = C. 



6 The loop Grassmannian and the Principal nilpotent. 

In this section we recall a connection, discovered in [G2], between the cohomology of a loop 
Grassmannian, to be introduced below, and the principal nilpotent element in the Lie algebra q. 

Let D^{X) be the bounded derived category of constructible complexes on an algebraic va- 
riety X, cf. I BBD| . Given an algebraic group G and a G-action on X, we let D^^{X) denote the 
G-equivariant bounded derived category on X] see [BL] for more information on the equivariant de- 
rived category. We write (X), for the full subcategory of D^{X) formed by " G-monodromic" 
complexes, that is, formed by complexes whose cohomology sheaves are locally constant along G- 
orbits. 

We let Pery^{X) C D^^{X), resp., Perv^_^^^(X) C stand for the abelian category 

of G-equivariant, resp. G-monodromic, perverse sheaves on X. 

6.1 The loop group. Let be a complex connected semisimple group with maximal torus 
_ Y ^ which is dual to (G, T) in the sense of Langlands. Thus, G^ is a simply-connected 

group such that the root system of (G^,T^) is dual to that of (fl,t). Let g = LieG^ be the 
Lie algebra of G^ . The Lie algebra of the maximal torus C G^ gives a distinguished Cartan 
subalgebra: Lie = t = C (g)^ Y = t* in g. 

Let K. — C((z)) be the field of formal Laurent power series, and O = C[[z]] C /C its ring of 
integers, that is, the ring of formal power series regular at z = 0. Write G^(/C), resp. G^(C'), 
for the set of /C-rational, resp. O-rational, points of G^. The coset space Gr := {JC) / G"^ {O) 
is called the loop Grassmannian. It has the natural structure of an ind-schcmc, more precisely, 
Gr is a direct limit of a sequence of G^(C')-stable projective varieties of increasing dimension, see 
e.g. [BD], [Ga], [G2] or [LI], such that the action of G^(C') on any such variety factors through a 
finite-dimensional quotient of G^(0). 

An Iwasawa decomposition for G^(/C), see [G2], [PS], implies that the loop Grassmannian is 
isomorphic, as a topological space, to the space of based loops into a compact form of the complex 
group G^. It follows that Gr is an iJ-space, hence, the cohomology iJ'(Gr, C) has the natural 
structure of a graded commutative and cocommutative Hopf algebra. Further, the group G^ being 
simply-connected, we deduce that the loop Grassmannian Gr is connected. 
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6.2 Cohomology of the loop Grassmannian. We recall that the group 6*^(0) is homotopy 
equivalent to G^, hence for the 6*^(0 )-equivariant cohomology of a point we have 

^ov<o) (P*) = ^ov (Pt) = (BG^) = Cffl^ = 'C[t*r = C[0*f = (Symg)^ , (6.2.1) 
where i?G^ stands for the classifying space of the group G^. Thus H\ (Gr), the G^(0)- 

G (O) 

equivariant cohomology of the Grassmannian, has a natural H\ (pt)-module structure, hence, a 

G (O) 

C[t*]^-module structure. 

Next, we introduce the notation C g for the Lie algebra of the isotropy group of an 
element x G q* under the coadjoint action (thus, if one uses the identification g ~ g* provided 
by an invariant form, then g^ becomes the centralizer of x in g). Let g C g* be the Zariski 
open dense subset of regular (not necessarily semisimple) elements in g*. The family of spaces 
{g^ , X G g"^}, gives an Ad G-equivariant vector bundle on g'°^. We let Q denote the corresponding 
vector bundle on the adjoint quotient space g / Ad G. The latter space is isomorphic, due to 
Kostant [Ko], to i* /W, hence is a smooth affine variety. We will often regard Q as a vector bundle 
on i* /W via the Kostant isomorphism. The fibers of G are abelian Lie subalgebras in g, and we 
let Ug denote the vector bundle on g"V Ad G with fibers U{q'=) , x € g"'. Let T{t*/W,Ug) be 
the commutative algebra of global regular sections of UQ. 

Fix a principal s[2-triple {t, e, f) C g, such that t — X)q6_r^. G and such that the principal 
nilpotent e e g is a linear combination of simple root vectors with non-zero coefficients. The Lie 
algebra g*^ is an abelian Lie subalgebra in g of dimension rk g. The ad-action of t puts a grading 
on g, and we endow g"^ and U{q'^), the enveloping algebra of g*^, with induced gradings. 

The natural C*-action on t* by dilations makes i* /W a C*-variety. Moreover, the grading 
on g considered above, gives a C*-action on g, hence, makes Q a C*-equivariant vector bundle on 
t*/W. Thus, r(t*/W^, UQ) acquires a grading compatible with the algebra structure. In |G2j we 
have proved the following 

Lemma 6.2.2 (| G2j '). There is a natural graded Hopf algebra isomorphism ip^ : H'^ (Gr) 

G (O) 

~ r(t*/VF, w^;). □ 

Observe that the fiber over G t* /W of the vector bundle Q clearly identifies with g*^. Hence, from 
Lemma rfi.2.2l we get 

Corollary 6.2.3. [G2, Proposition 1.7.2] There is a natural graded Hopf algebra isomorphism 

6.3 Geometric Satake equivalence. Let £'''(Gr) denote the bounded derived category of con- 
structible complexes on Gr, to be understood as a direct limit of the corresponding bounded 
derived categories on finite dimensional projective subvarieties that exhaust Gr. One similarly 
defines Perv(Gr) C L'''(Gr), the abehan category of perverse sheaves. 

Definition 6.3.1. Let Verv ^^^^^{Qr) be the (full) abelian subcategory in Perv(Gr) formed by 
semisimple^ G^(C')-equivariant perverse sheaves on Gr. 

For any C G 'Perv^^^^^{Qs{), there is a standard convolution functor: D^{Q>r) D^{Gr), 

M t-^ M -k C a^{M^C), where a : G^(/C) ^^v^o) — ^ ^'^^ action-map, and M^C 

stands for a twisted version of external tensor product, see [MV] or [G2] for more details. A 
fundamental result due to Gaitsgory says that this functor takes perverse sheaves into perverse 
sheaves, that is, we have the following 

''Any (C')-equivariant perverse sheaf on Gr is, in effect, automatically semisimple, cf. e.g. IMVI . 
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Theorem 6.3.2 ([ Ga p. The convolution gives an exact bifunctor 

Perv(Gr) x Verv^^^^^ (Gr) — > Perv(Gr) , M,C' — > M-kC. □ 

Remark 6.3.3. In the special case, where M G Perv(Gr) is a perverse sheaf which is constant along 
the Schubert cell stratification (by Iwahori orbits) of the loop Grassmannian, cf. H9. II below, the 
Theorem above has been first conjectured in |(t2I p. 22], and proved by Lusztig _L4 shortly after 
that. This special case of Theorem 16.3.21 is the only case that will be actually used in the present 
paper. 

For each.g e G^(/C), the double coset {0)-g-G"^ {O) contains an element A € Hom(C*,r^), 
viewed as a loop in . Moreover, such an element is unique up to the action of W ^ the Weyl group. 
This gives a parametrization of G^(C')-orbits in Gr by dominant (co)weights A G Hom(C*, T^)++ = 
We write G^(C') • A for the G^(C')-orbit corresponding to a dominant (co)weight A. The 
closure, G^(C') • A C Gr is known to be a finite dimensional projective variety, singular in general. 
Let IC\ denote the intersection complex on G^(C') • A corresponding to the constant sheaf on 
[O] ■ A (extended by zero on Gr \ G^(0) • A, and normalized to be a perverse sheaf). The 
ICx, A S are the simple objects of the category Verv ^^^^^{Qr). Theorem 16.3.21 puts on 

■peru^vjjpj (Gr) the structure of a monoidal category, via the convolution product. 

Recall the tensor category Rep(G) of finite dimensional rational representations of G. For 
each A e Y++, let V\ e Rep(G) denote an irreducible representation with highest weight A. The 
proof of the following fundamental result, inspired by Lusztig IlTI, can be found in 'G2, Theorem 
1.4.1] (following an idea of Drinfeld); a more geometric proof (involving a different commutativity 
constraint, also suggested by Drinfeld) has been found later in [MV]; the most conceptual argument 
is given in [Ga] . 

Theorem 6.3.4. There is an equivalence V : Rcp(G) T'erw^y^^^ (Gr), of monoidal categories 
which sends V\ to IC\, for any A € □ 

6.4 Fiber functors. We will need a more elaborate 'equivariant' version of Theorem 16.3.41 
established in [G2]. To formulate it, identify with the subgroup in G^(/C) formed by constant 
loops into T^ . Thus, any object A e Verv^^ ^ (Gr) may be regarded as a T^-equivariant perverse 
sheaf, hence there are well defined T^-equivariant (hyper)-cohomology groups, H^v (Gr, A). Given 
s € LieT'^ , we write Hs{A) = iJ^v(Gr,A)|^ for the T^-equivariant (hyper)-cohomology of A 
specialized at s, viewed as a point in Spec iJy v (pt) . For s = 0, we have Hs{A) = 7f'(Gr, A), is the 
ordinary cohomology of A (due to the collapse of the spectral sequence for equivariant intersection 
cohomology). 

Observe that, for s regular, the s-fixed point set in Gr is the lattice Y, viewed as a discrete 
subset in Gr via the natural imbedding i : Y = Hom(C*,T^) ^ Gr. For each A G Y, let 
i\ : {A} ^ Gr denote the corresponding one point imbedding. By the Localisation theorem 
in equivariant cohomology, the map: Hs{i'A) — s- iJs(A), induced by the adjunction morphism: 
in- A A yields, see [G2, (3.6.1)], the following direct sum 
Fixed point decomposition: 

HM)^®xeYHs{ixA), VAe7'er«^v,„,(Gr). (6.4.1) 

Recall the principal s^-triple (t, e, /) C g. Observe that the element t+e is Ad G-conjugate to 
t, hence is a regular semisimple element in q. Thus, f) := g*^*^ is a Cartan subalgebra. Furthermore, 
the fiber of the vector bundle UQ over the Ad G-conjugacy class Ad G{t + e) = Ad G{t) C Q gets 
identified with U{q*+'') = Ut). 
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Proposition 6.4.2 (fn2]). (i) For any s € LieT'^ , the assignment A i— > Hs(A) gives a fiber 
functor on the tensor category ^erw^^^^^ (Gr). 

(ii) There is an isomorphism of the functor H s{—) onVerv ^^^^^{Qr) with the forgetful functor 
on Rep(G') (i.e., a system of isomorphisms ip^ : Hs{VV) V , yV G Rep(G), compatible with 
morphisms in Rep(G') and with the tensor structure) such that: 

For any u G Hs{Gr), the natural action of u on the hyper-cohomology Hs{VV) corresponds, 
via and the isomorphism ip^ : iJs(Gr) ^(f)) of Lemma \ti.2.'A to the natural action of 
^„ (m) G U{q^+'') in the G-modulc V. □ 

6.5 Equivariant and Brylinski's filtrations. The standard grading on the equivariant co- 
homology iF^v {Gr, A) induces, after specialization at a point s G Spec -ff-^v (Gr) = t, a canonical 
increasing filtration, W,Hs{Gr, A), on the specialized equivariant cohomology. Furthermore, the 
collapse of the spectral sequence for equivariant intersection cohomology yields a natural isomor- 
phism H'{Gr,A) ^ H^^-^{A), where the LHS stands for the (non-equivariant) cohomology of A 
and the RHS stands for the specialization of equivariant cohomology of A at the zero point: 
o G I = Spec i?^v (Gr). On the other hand, for any s G t = Spec i?^v (Gr), one has a canoni- 
cal graded space isomorphism gi^ Hs{A) ~ H'^^^{A), by the definition of filtration W.. Thus, 
composing the two isomorphisms we obtain, for any s G Spec iJ^v (Gr), a natural graded space 
isomorphism gr^*^ Hs{A) ~ H' {Gr, A). 

From now on we will make a particular choice of the point s G Spec i/^v (Gr, A) = t. Specif- 
ically, we let s = J2aeR+ S t be the element "dual", in a sense, to t — J2aeR+ G t- Further, 
the eigenvalues of the f-action in any finite dimensional G-module V are known to be integral. 

Definition 6.5.1 (Brylinski filtration). We define an increasing filtration W.V on y G Rep(G) 
by letting WkV be the direct sum of all eigenspaces of t with eigenvalues < k. 

Further, given a finite dimensional g-module V, and a weight /i G [)*, write V{fi) for the 
corresponding weight space of V (with respect to the Cartan subalgebra f) — g*^^*, not t). 

Tfieorem 6.5.2 r |G2| . Thm. 5.3.1). If s ^ 'I2aeR+ ^ then the isomorphisms (p^ : 
Hs{VV) V ( of Proposition \b.4. '^^ ii ) ) can be chosen so that, in addition to claims of Proposition 
\6.4.^ one has: 

• The canonical filtration W.Hs{W) goes, under the isomorphism p^ , to the filtration W.V ; 

• The fixed point decomposition J6'.^.J| ) corresponds, under the isomorphism tp^ , to the weight 
decomposition: V = ®^£y ^(m) with respect to the Cartan subalgebra [}. □ 

To replace equivariant cohomology by the ordinary cohomology in the Theorem above, note 
first that, for a G-module V and ioi ii — we have V{0) = V'^ (note that the weights of any finite- 
dimensional G-module belong to the root lattice Y). The filtration W.V induces by restriction a 
filtration on V^'', and R. Brylinski [Br] proved 

Proposition 6.5.3. For any V G Rep(G) there is a canonical graded space isomorphism 
grf (F") ~ Ffl'. □ 

In particular, for V — q, the adjoint representation, the Proposition yields a canoni- 
cal graded space isomorphism gr(f]) ~ q'^ (which has been constructed earlier by Kostant), 
hence, a graded algebra isomorphism gr{U\)) ~ U{q'^). Thus, passing to associated graded ob- 
jects in Theorem 16.5.21 and using the canonical isomorphisms: gv^ Hs{Gr) ~ iJ'(Gr,C) and 
grl^ Hs{A) ~ H-{Gr, A) , VA G Verv^,^^^ (Gr), yields 
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Corollary 6.5.4 (| G2| . Theorems 1.6.3, 1.7.6). The isomorphism of functors (p^ : 
Hs{VV) V , of Theorem \6.5.^ gives an isomorphism of tensor functors gr((^^) : 
H'{Gr,VV) -^V ,yV e Rep(G),, such that 

• The grading on H' (Gr^VV) goes, under the isomorphism ip^, to the grading on V by the 
eigenvalues of the t-action. 

• For any u g i7*(Gr,C), the natural action of u on the hyper- cohomology H' (GrjVV) corre- 
sponds, via gr^ipy) and the isomorphism (y9„ : _ff'(Gr,C) -^^U{2'^) of Corollary \6. 2. '21 to the 
natural action of (p^^{u) G hi{Q'^) in the G-module V. □ 

We have used here an obvious canonical identification of V, viewed as graded space, with 
gr^ V, the associated graded space corresponding to the filtration W.V. 



7 Self-extensions of the Regular sheaf 

Let A/" C be the nilpotent variety in g, and e e A/" a fixed regular element. The results 
of [G2j outlined in the previous section allow to 'see' the element e, as well as its centralizer g*^, 
in terms of perverse sheaves on the loop Grassmannian Gr — G'^ {JC) / {O) . One of the goals of 
this section is to show how to reconstruct the whole nilpotent variety A/", not just the principal 
nilpotent conjugacy class Ad G ■ e C Af, from the category of perverse sheaves on Gr. 

7.1 The regular perverse sheaf TZ. Let Uq := C[G']^ be the continuous dual of the Hopf 
algebra C[G], viewed as a topological algebra with respect to the topology induced by the augmen- 
tation. Thus, U2 is a topological Hopf algebra equipped with a canonical continuous perfect Hopf 
pairing Uq x C[G] C. The pairing yields, cf. the proof of Lemma F2.8.3l a canonical Hopf algebra 
imbedding ] : Uq ^ Uq, thus identifies Uq with a completion of the enveloping algebra Ug. 
Similarly to the situation considered in H2.6I we have a natural equivalence Rep(Z^g) = Rep(G), so 
that the (isomorphism classes of) simple objects of Rep(t/0) are labelled by the set Y++. We will 
view the left regular representation of the algebra Z^g as a projective (pro-)object in the category 
Rep{Ug). 

Let TZ := V{C[G]) be the ind-object of the category 'Perv^^^^^ (Gr) corresponding to the regular 
representation C[G], viewed as an ind-object of the category Rep(G). Then, 7?.^ = 7'(C[G]^) — 
V{Uq), is the dual pro-object. Explicitly, applying the functor V to the G-bimodule direct sum 
decomposition of the regular representation on the left (below), and using Theorem 16.3.4^ 1 we 
deduce: 

C[G] ^ Vx®,V^, ^=0 ICx®cV^, ^""=11 ICx®cVx- 

AGY++ AGY++ Ae¥+ + 

Observe that right translation by an element g & G gives a morphism Rg : C[G] — > C[G] of 
left G-modules. Hence, applying the functor V{—) we get, for any g e G, a morphism Rg : TZ ^ TZ, 
that corresponds to the g-action on the factor in the above decomposition 7^ = IGx (g)^. V^*. 
The collection of morphisms Rg , g G G, satisfies an obvious associativity. Therefore, for any 
objects M,N e D^{Gr), these morphisms induce, by functoriality, a G-action on the graded vector 
space Ext' ^ {M , N -kTZ). This is the G-module structure on the various Ext- groups that will be 
considered below. 
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7.2 Two Ext-algebras. The first Ext-algebra that we are going to consider is the space 
Ext* ^ (7?., 7?.) , equipped with Yoneda product. More explicitly, write the ind-object TZ as 

TZ = lim TZon and accordingly write the dual pro-object as TZ^ — lim TZ^. Then, we have 

^K^,c,, ' ^) - ^™ 1™ Ext^,^^^^ (7^0 , 7^„) (7.2.1) 
lim lim Ext^,^^^^ {{TZ^r , (J^pY) Ext; (7^^ , 7^^) , 

pa 

where we have used the canonical isomorphism Ext'(£, M.) — Ext'(Al^, 

To define the second algebra observe first that multiplication of functions makes C[G] a ringed 
ind-object of the category Rep(G'), that is, the product map induces the following morphisms 

m^^^^: <C[G]®<C[G] — * C[G], resp., m ^ V{m^^^^) : TZ^TZ — > 7^, (7.2.2) 

in the categories JimindRep(G) and limindVerv ^^^^^{Q>r), respectively. 

Write = ICq = VC for the sky-scraper sheaf (corresponding to the trivial 1-dimensional 
G-module) at the base point of Gr, and let TZ[i] denote the shift of TZ in the derived category. 

We define an associative graded algebra structure on the vector space Ext^^^^^ ^ (1^^ , TZ) := 
eAeY++ Ext;^^^^^^ (1,^ , ICx) ®, as follows. Let x e Ext^^^^^^ (1,^, TZ) = Hom^,^^^^ (1,^, 7^[^]). 
Taking convolution of the identity morphism id-ji : TZ TZ with x, viewed as a "derived morphism" , 
gives a morphism TZ = 7^ * l^, TZ *7?.[i]. Given y G Ext^^^^ ^ (l^^, TZ), we define y ■ x £ 

Ext-'^* (1. , TZ) to be the composite: 

yx : 1„ ^ TZ[j] = {TZ^l,M ^ TZ^TZ[i+j] ^ TZ[i + j] . (7.2.3) 

Similarly, for any Al G 7'erWj(Gr), the following maps make Ext^^^^^ (l^, , ★ 7?.) a graded 

Ext;^^^^^(l^^, 7^)-module: 1,-^ — > Al*7^[j] Al * 7^ * 7^[^ + j] ^ A^*7^[^+j]. 

Note that the complex 1^-^ is the unambiguously determined direct summand of TZ, and the 
corresponding projection: TZ -» 1^^ induces an imbedding e^^^^^^ : Ext'(l(-^, TZ) ^ Ext' (7?., TZ). It 
is easy to check that this imbedding becomes an algebra homomorphism, provided the Ext-group 
on the right is equipped with the Yoneda product, and the Ext-group on the left is equipped with 
the product defined in ifTT^ . Dually, there is a map e^^^^ : Ext■(7^^, l^-J Ext (7^^ , 7^^) 
induced by the imbedding: l^^ ^ 7?.^. 

7.3 Main result. The adjoint g-action on M makes the coordinate ring <C\N~\ a locally finite Uq- 
module, hence an t/g-module. Let IAq^'C[N] be the corresponding cross-product algebra. There is 
an obvious algebra imbedding e^^^ : C[A/] ^ Uqv.£.[N'] . We put a grading onUQK'C[N] by taking 
the natural grading on the subalgebra C[A/] C UqkV.[N'], and by placing Uq in grade degree zero. 

Theorem 7.3.1. There are natural G-equivariant graded algebra isomorphisms \l/ and making 
the following diagram commute: 

Ext' (TZ"", 1, ) = Ext' (1, , TZ) Ext' (7^ , 7^) = Ext' (TZ"" , TZ^) 

The rest of this section is devoted to the proof of the Theorem. 
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7.4 Some general results. According to the well-known results of Kostant, the centralizer 
in G (an adjoint group) of the principal nilpotent element e is a connected unipotent subgroup 
G"^ C G with Lie algebra g'^. Furthermore, the Ad G-conjugacy class of e is known to be the open 
dense subset Af C Af formed by the regular nilpotents. Thus, we get: Af = G^\G, where 
Ad G-action is viewed as a right action. Moreover, Kostant has shown in [Ko] that the natural 
imbedding: Af ^ ^ J\f induces an isomorphism of the rings of regular functions. Thus we obtain 
a chain of natural algebra isomorphisms, where the superscripts stand for invariants under left 
translation 

C[Gf = C[Gf^ ^ C[G"\G] = C[Af"'] = C[Af] . (7.4.1) 

Next we consider the vector space Hom^^„, (C[G], C[G]) of C- linear continuous maps C[G] — * 
C[G], that is a pro-ind limit of finite dimensional Homj,-spaces, defined the same way as we have 
earlier defined the Ext-spaces between ind-objects, see (|7. 2.1(1 . The space Hom_^^^j(C[G], C[G]) has 
a natural G-action by conjugation; furthermore, it has the structure of topological algebra via 
composition. We have 

Lemma 7.4.2. There is a natural topological algebra isomorphism 

(Hom_(C[G], C[G]))^' ^ z70kC[AA] . 

Proof. Write I'(G) for the algebra of regular algebraic differential operators on the group G. 
The action of any such differential operator u € T^iG) clearly gives a continuous C-linear map 
u : C[G] C[G]. This way one obtains a G-equivariant imbedding: 'D[G) ^ Hom^_,„,(C[G], C[G]) 
with dense image. View the algebra Uq as left invariant differential operators on G, and the 
algebra C[G] as multiplication-operators. Then the algebra 'D{G) is isomorphic to the cross- 
product: I?(G) ~ Uq^C[G]. One can show that the composition: Uq^€,[G] T^{G) ^ 
Hom^^^j (C [G] , C[G]) extends by continuity to a G-equivariant topological algebra isomorphism 
IAq^€\G] Hom^_j^j(C[G], C[G]). Observe that the group G acts irwialZi/ on the space ZYg formed 
by left-invariant differential operators, and acts on C[G] via left translations. Hence, taking G*^- 
invariants on each side of the isomorphism above, we obtain 

(Hom„„,(C[G] , C[G])y ^ {UsxC[G]y^ = Usx{C[G]^'') Ugt<C[Af] . □ 

Notation 7.4.3. Given two graded objects Li, L2, we set Hom'(Li, L2) :— 0^ Hom*(Li, L2), where 
Hom'(Li, L2) stands for the space of morphisms shifting the grading by i. 

Next, we remind the reader that, for any £ E D^{Gr), the hyper-cohomology group H' {Gr,£) 
has a natural structure of graded iJ' (Gr, C)-module. Further, for any £i,£2 G D''{Gr), there is a 
functorial linear map of graded vector spaces: 

Ext;^^^^^(A,£2) Hom;^^^^ (ff-(Gr,£i), i/-(Gr,£2)) • (7.4.4) 

The main result of [Gl], in the special case of a C*-action on Gr implies 

Proposition 7.4.5. If £i,£2 G D^{Gr) are semisimple perverse sheaves constructible relative to 
a Bialinicki-Birula stratification of Gr (cf. \01^ for more details), Then the map \7.4--4\) 
isomorphism. □ 

We note that since any G^(C')-equivariant perverse sheaf on Gr is constructible relative to the 
Schubert stratification, cf. [PS] or §8 below, the map ((7.4.4|l is an isomorphism for any £i,£2 G 
^e^V(e„(Gr). 
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The action of the semisimple element t € i (from the principal 512-triple) puts a grading on 
the underlying vector space of any representation V e Rep(G'). Further, by Corollary 16.2.31 we 
have an algebra isomorphism iJ'(Gr) ~ Hence, from Corollary 16 . 5 . 41 and Proposition 17.4.51 

we deduce 

Corollary 7.4.6. For any Vi, V2 G Rep(G) , there is a functorial isomorphism 

Ext;,.(Gr)(^^i . ^^2) ^ Hom;^^,^(T/i , V2) = (Hom;(T/i , ^2))' ■ □ 

7.5 Proof of Theorem 17.3.11 Let r e Hom^,^^^^ (Q,, 1^,) = Ext°^^^ ^ (Q,, l^-J be the natural 
restriction morphism. Composing with r yields a canonical map 

Ext' (lc,P — ^ Ext' (C, ,C) = H'(Gr,C), VCeD^Gr). (7.5.1) 

This map can also be identified with the map of Corollarv l7.4.6l for l^^ = VC and £ = W2. Hence, 
Corollarv l7.4.6l savs that (|7.5.1|) gives an isomorphism 

Ext;^^^^^(l,^,£)^ Hom;^^^^(C,i/'(Gr,£)) - i/'(Gr,£)fl^ eVerv^,^^^{Qr). 

The isomorphism above holds, in particular, for C := TZ, an ind-object of Very ^^^^^{Gr). We use 
this isomorphism to define a linear isomorphism ^ as the following composite: 

/, ^\ Cor 1 7 4 ri l e Cor. I^.S.4l for n=VC[G] „e 17.4.11 ^ „ 

^^^o^(G0^^=-' Lor.J7.4.6| ^.^^^^ l__l_ ^^^c[AA]. (7.5.2) 

To complete the proof of the theorem, it suffices to verify that the chain of isomorphisms 
H7.5.2|l transports the above defined algebra structure on Ext' (l^^, 7?.) to the standard algebra 
structure on 'C[G]'^ = CfA/" ^] ~ C[A/']. To this end, we start with the canonical identification 
C[C?] = H' {Gr,TZ). Since H' {—) is a fiber functor on Verv^^^^^{Gr), we also have H' {Gr,TZ -kTZ) — 

C[G] (g) C[G]. By construction, the natural imbedding C[G]'~^ ^ C[G] corresponds, via the 
identification Ext' (l^-^, 7?.) = C[G]'^'' in H7.5.2II . to the morphism H7.5.1|) . Similarly, writing G^^^ C 

X G'^ for the diagonal, we may identify (C[G] «)C[G])°^'-8 C C[G](g)C[G] with Ext' (1^^, 7^★7^) C 

ir'(Gr, 7^★7^). 

Observe further that the multiplication in the coordinate ring C[G] is recovered from 

the morphism m : TZ -kTZ ^ TZ, cf. (|7.2.2|l . as the induced morphism of hyper-cohomology: 

7^'(Gr,7^) (»i^'(Gr,7^) = i/'(Gr X Gr,7^S7^) ^ i^■(Gr,7^7^7^) H'{Gr,n). (7.5.3) 

Restricting the map m^jg], resp., m, to G'^-invariants yields the corresponding map in the top, 
resp., bottom, row of the following diagram: 

C[G]G^ ® C[Gf' c 1 ^ ^ c[G]fl, . C[Gf' 

Ext'(l(-^,7^) «)Ext'(le^,7^) -^^►Ext'(lg^,7^★7^) — ^Ext'(l<;^,7^). 

As has been explained, the identifications we have made insure that the diagram commutes. Fur- 
ther, it is clear that the composite map in the top row of the diagram is the multiplication map 

C[G]'^'' ® C[G]'^^ C[G]'^° . It follows that the latter map corresponds, geometrically, to the 
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composite map in the bottom row. This proves that the map ^ of the Theorem is an algebra 
isomorphism. 

We now similarly construct the map By Corollary 17.4.61 we have the following isomor- 
phisms 

Ext;^^^^^(7^, 7^) = Ext;,.(Go(^(C[G]) , riC[G])) = (Hom„„.(C[G] , C[G])f. (7.5.4) 

Hence, from Lemma 17.4. 2l we deduce 

Ext^^^jn,n) = {liomlJC[G],C[G])f = = Uq^kCIM] . 

Compatibility of the maps that we have constructed above with algebra, resp. module, structures 
is verified in a similar way, as we did for Ext'(lg^, TZ). We leave details to the reader. □ 

7.6 Equivariant version. Write Ext ^ for the Ext-groups in Z?^^ ^ (Gr), G'^(C')-equivariant 

derived category of constructible complexes in the sense of [BL]. These Ext-groups have canoni- 
cal (pt)- module structure, cf. (|6.2.1|l . Clearly, 'Perv^.^^^^{Gr) is an abelian subcategory of 

(Gr), hence TZ is an ind-obiect of (Gr). As in (I7.2.3II . the map m -.TZ-kTZ^TZ makes 

Ext ^ (Ig^ , TZ) into a graded algebra, and we have the following equivariant analogue of Theorem 

Theorem 7.6.1. There are natural algebra isomorphisms and ip making the following diagram 
commute: 

Ext', Ext', (7^,7^) 

Remark 7.6.2. It is tempting to use a kind of delocalized equivariant cohomology, see [BBM], in 
order to be able to replace the algebra W0kC[0] above (where we identify q with q* via an invariant 
form) by the algebra IAq\k<C[G]. Recall that both Uq and €-[G\ have natural structures of Hopf 
algebras, topologically dual to each other, i.e., Uq is an inverse limit, while C[G] is a direct limit. 
The algebra ZigxCfG] is the Drinfeld's double Hopf algebra. 

In order to begin the proof of Theorem 17.6. II we need to introduce more notation. Given any 
vector space E we will write E_ for the quasi-coherent sheaf (trivial vector bundle) on i* /W with 
geometric fiber E. Thus, T{i* /W, E) = C[t*]^ ® E. 

The result below is an equivariant version of the last statement of Corollarv l6.5.4l applied to 
the regular perverse sheaf TZ. 

Lemma 7.6.3. There is a natural 'Cli*]^ -module isomorphism 

H^^^^^ (Gr , TZ) C[t*]^ ®, C[G] = r(t7T^ , C[G]) ; 

The canonical H' (Gr)-module structure on H' (Gr, TZ) corresponds, under the isomorphism 
of LemmaWER to the natural left T{i* /W , UQ)-action on T{i* /W , C[G]). □ 
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With the results of [G2] mentioned in §6, the proof of the Lemma is straightforward and wiU 
be omitted. □ 



Proof of Theorem 17.6. 1L We wiU only establish the isomorphism ip; once it is understood, 
the construction of 5* is entirely similar to that in the proof of Theorem l7.3.1l 

Using Lemma [6. 2. 21 we perform the following calculation, similar to H7.5.2|l : 



Ext'„ (1, , U) = Hom' f (1, ) , H', (Gr, 71)) (by [Gl]) 



Hom H ^, (pt) , H „ (Gr, 7^) 



(by LemmaESS = Hom^^.^^ (C[t*]'^ , C[t*]'^ ®, C[G]) (7.6.4) 
= r(t7W^,Hom„,(C, C[G]) 

= r(t7w^, c[G]"') =r(g'"/Ad G, qc]"") . 

The last expression may be identified naturally with the algebra of regular functions on the total 
space of the canonical fibration -p : q"^ g"^ / Ad G, because for any x G g"^ , we have p~^{p{x)) ~ 
G^\G. We see that the algebra in question equals €[3""^]. Since the complement g* \ g'"' is known 
to have codimension > 2 in g*, we conclude that C[g '] — C[g*]. The result is proved. □ 



7.7 A fiber functor on perverse sheaves. In this subsection, we will make a link of our 
results with general Tannakian formalism. 

Let ^ be an abelian category, which is a (right) module category over the tensor category 
Rep(G). This means that we are given an exact bifunctor 'rf x Rep(G) — > , (M, V) 1 — > MiS)V, 
satisfying a natural associativity constraint: (M (g) (g) = M (g) (F (g) V'). 

Let be a module category over Rep(G). View C[G] as an ind-object of Rep(G) and, given 
M e form an ind-object M (g C[G] in ^S'. Now, fix M,N € . As we have explained (in a 
special case) at the end of section mi the action of G on C[G] by right translations gives rise to a 
natural G-module structure on the vector space Ext^(M , TV (g C[G]). 

Now, given L d ^ and V S Rep(G), we may apply the above construction to the objects 
N — L and N = L respectively. The proof of the following 'abstract nonsense' result is left 
for the reader. 

Lemma 7.7.1. For any M,L e there is a natural functorial G-module isomorphism 
Ext;>(M, (L(gy)(gC[G]) ~ V"(gExt^(A/, L(gC[G]) VF e Rep(G). □ 

By Gaitsgory theorem 16.3.21 convolution of perverse sheaves gives an exact bifunctor 
Perv(Gr) x Verv^^^^^{Gr) — > Perv(Gr) , M,A M * A. This way, the category Perv(Gr) be- 
comes a module category over Verv^^ ^ (Gr). Transporting the module structure by means of 
Satake equivalence V : Rep(G) Verv^^^^^{Gr), we thus make Perv(Gr) a module category over 
Rep(G). Applying Lemma r7.7.1l to the module category Perv(Gr) we get, for any Ai,C G Perv(Gr), 
the following natural G-modulc isomorphism 

Ext;5,(c^)(7W, /:*■py*7^) ~ y(gExt^5(Gr)(■M,'C*7^), vyeRep(G). (7.7.2) 
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Remark 7.7.3. Having in mind further applications of isomorphism (|7.7.2f) . we have written the 
Ext-groups in the triangulated category D^{Gr) rather than in the abelian category Perv(Gr). These 
two Ext-groups are known (due to Beilinson) to be actually the same. The Beilinson's result is 
not however absolutely necessary for justifying (|7.7.2|l : indeed, the formal nature of the setup of 
Lemma 17.7.11 makes it applicable, in effect, to a more general setup of a triangulated 'module 
category'. 

Recall now the graded algebra Ext^5^g|,-j(lg^, 7?.), that comes equipped with a natural G- 
action. The isomorphism t/j : Extjjb(^Q^-j{lQ,,TZ) 'C[Af]., of Theorem l7.3.ll induces an equivalence 
of categories 

V'* : Mod^^^*(Ext;,.(G,)(l,^,7^)) ^ Mod^^^*(C[AA]) = Co/i^^^' (AA), 

where the category of G x C*-equivariant coherent sheaves on J\f is identified naturally with 
Mod'^^^*(C[AA]), seeHni 

Next we observe that, for any C G Perv(Gr) one can define, by modifying appropriately 
formula H7.2.3|) . a natural pairing 

Ext^DHGr)(lc,,'C★7^) ® Ext^^,(cr)(lcr'^) Ext^V(GO (Ic. : ^ * ^) ■ 

This pairing makes the space Ext^b^g^) (^Gr: C-*:TZ) a, graded Ext^b(gr)(lGrJ^)"niodule. We also 
have the G-action on the Ext-groups involved. Therefore, we obtain an exact functor 

Perv(Gr) ^ Mod«^^*(Ext;,b(G,)(lc.,7^)), £ ^ Ext^^bjc,) (1^, ^ * (7.7.4) 

We now use the category equivalence ■(/'*, mentioned above, together with the Satake equiva- 
lence, and form the following composite functor: 

§: Rep(G) ^ Perv(Gr) Mod^^^'(Ext;5b(Go(lG,:^)) ^ Coh^''-^' {N). (7.7.5) 

The canonical isomorphism in (|7.7.2|l then translates into the following result. 

Proposition 7.7.6. The functor'^ is isomorphic to the functor V i — > V(>^0^, that assigns to any 
V £ Rep(G) the free Oj\f -sheaf with fiber V (and equipped with the tensor product G-equivariant 
structure). □ 

8 Wakimoto sheaves 

8.1 We have shown in the previous section that the coordinate ring C[A/], together with the 
Ad G-action on it, can be reconstructed as an Ext-group between certain perverse sheaves on the 
loop Grassmannian. 

The goal of this section is to give a similar construction for A/" = Gx^ n, the Springer resolution 
of A/", see e.g. [CG, ch.3] for a survey. One obstacle for doing so is that M is not an affine variety, 
and it is known that C[A/'] = C[A/']. Therefore, the variety M is not determined by the ring of its 
global regular functions. Instead, we will consider the affine cone over a kind of Pliicker imbedding 
of N. Our main result shows how to reconstruct the (multi)-homogeneous coordinate ring of that 
cone as an Ext-algebra of perverse sheaves on the loop Grassmannian. 



49 



8.2 The affine flag manifold. Let C i?^ denote the maximal torus and the Borel subgroup 
in corresponding to our choice of positive roots. We write I = {f € (O) \ /(O) € B^} 
for the corresponding Iwahori (=affine Borel) subgroup in G^{JC). Wc let B — G^(/C)/I, be 
the affine Flag variety, it has a natural ind-scheme structure. Since I C G'^{0), the projection 
zu : G^(/C)/I G^ {IC)/G^ {O) gives a smooth and proper morphism of ind-schemes w : B ^ Gr, 
whose fiber is isomorphic to the finite dimensional flag manifold G^ /B^ . 

The left G(/C)-action on B gives rise to the following convolution diagram: 

GV(/C) x,B ^ B, {g,x) ^ gx. (8.2.1) 

Given A,M & D^(B), one defines, using I-equivariance of 7W, (cf. e.g., [G2], [MV] or [Ga]), an 
object A^M e D^[G"^{K,) x, B). The assignment {A,M) ^ — ^ Ai^ M := a^{A^M) gives the 
standard convolution bifunctor ★ : D^^{B) x D''^{B) — > £>,''(S). 

Each I-orbit on either B or Gr is isomorphic to a finite dimensional vector space C". Moreover, 
each I-orbit on Gr, contains a unique coset A • G^ (O) /G^ (O), where A e Hom(C*, T^) is viewed as 
an element of G^(/C). This way one gets a natural bijection between the set of I-orbits in Gr and 
the set Hom(C*, r^) = Y. We will write Grx for the I-orbit corresponding to a weight A e Y. Such 
an I-orbit, Gr^, is open dense in the G^(0)-orbit of A e Gr, if and only if A e Y++ is a dominant 
weight. Similarly, each I-orbit in B contains a unique coset y ■ X ■ I/I , where y ■ \ € W^ff. We 
let jw : Bw B denote the corresponding I-orbit imbedding. The orbits form a stratification: 

^ = UtueWatt 

Notation 8.2.2. For any w G W^a we set: A4w '■= (ii«)!C,„[dimB,„] and A4^ := {jw)itCw[dimByj], 
where stands for the constant sheaf on the cell Bw 

The imbedding being affine, it is known that Aiw , G PerVj{B). It is known further 
that, for any y,w & W^a, such that £{y) + £{w) ~ £{y ■ w), one has: 

My*My, = Myn,, * Ml = M^^ , aud Ml*M^-i =Me, (8.2.3) 

where e e W^a denotes the identity. 

The following result will play a crucial role in our approach. 

Proposition 8.2.4. (I. IVlirkovic) For any w,y G W^g we have (i) ^Mw e Verv^{B). 

(ii) supp [M)^ -k Mw) = Byw, moreover: {M^ * M^) = Cyyj[- dimB^^]. 



Proof. To prove (i) , fix any w G W^{{. According to the definition of convolution, for any complex 
^A supported in Bw, and any A G Verv^{B), we have A-k = a*(ylKA4). Here a* ~ a\ is the 
direct image with respect to a natural proper action- morphism a : G^ (/C) x i Bw — > B , and " M " 
stands for a twisted version of external tensor product that has been already mentioned earlier. 

In the special case M. = (j,„)!C,„[dimS^], the same result is obtained by replacing a by the 
non-proper map a : G^{K) Xi — > B, and taking a\{AMCw[6miBw]). But the morphism a 
being afjine, by [BBD] one has: a, (L'^0(G^(/C) XiB„) C i?^0(B). Hence, AkMn,e D^^{B) , 
for any A G Verv^{B). Dually, one obtains: My*A S D^°{B) , for any A € 'Perv^(B). It follows 
that: -kMw e D-^{B) n D-^{B). Thus, M^^Mw is a perverse sheaf, and part (i) is proved. 

To prove (ii), let K^{B) denote the Grothendieck group of the category D^{B). The classes 
{ [-^^llaigvi/ jj form a natural Z-basis of Kj{B). The convolution on D'^{B) makes Kj{B) into 
an associative ring, and the assignment: x i— » [A4x] is well-known (due to Beilinson-Bernstcin, 
Lusztig, MacPherson, and others) to yield a ring isomorphism Z[VK,tt] — ^ K^{B), where Z[W^ft] 
denotes the group algebra of the group W^a. Further, in K^{B), one has: [A4x] = [.A4^]. Hence the 
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class [A^^^A^^,] corresponds, under the isomorphism above, to the element y-w£ W^n C Z[11/'J, 
in other words, in K^(JS) we have an equation: * A^m] = [A^yu,]. But since K^(JS) = 

K{VerVj {Gr)) may be identified with the Grothendieck group of the abehan category Verv^ (Gr), and 
since A^^ :*r A^^ is a perverse sheaf by (i), the latter equation in K{Verv^{Gr)) yields: supp (A^^ * 

Mw) = supp Myw = Byio. □ 



8.3 Wakimoto sheaves. Given any A G Y, one can find a pair of dominant weights ^,1^ E Y++ 
such that A = fi — v. Imitating Bernstein's well-known construction of a large commutative 
subalgebra in the affine Hecke algebra, see e.g. [CG, ch.7], I. Mirkovic introduced the following 
objects 

Wx -.^M^^M-,, (8.3.1) 

where ^, v are viewed as elements of Y C W.^a. Now, a standard argument due to Bernstein implies 
that the above definition of W\ is independent of the choice of presentation: X = fj, — v. Indeed, 
if /i', i^' G Y++ is another pair such that \ — ji' ~ v' , then in W^a we have + v') — £{ii) + i{v'), 
+ v) = ^(/i') + ^{v)^ and ii + v' ^ ji' + v. Independence of the presentation now follows from 
formulas (|8.2.3|l . Further, Proposition l8.2.4r i') guarantees that W\ G Verv-^{G{). These objects are 
called Wakimoto sheaves. 

Corollary 8.3.2. (I. Mirkovic) (i) Wa * = Wa+p , for any A, /i G Y. 

(ii) supp (tn»yVA) = Gta; If w G W is an element of minimal length such that 
w(A)gY++, then: {vj^Wx) = Ca[- diniGrA - £(w)]. 

GrA 

Proof. Part (i) is a straightforward application of formulas H8.2.3|l . To prove (ii) , choose dominant 
weights /i, G Y++, such that \ = ji — v. Observe that, for any w G in W^a we have 
t{-v) = (-{{-v) ■ w"^) + l{w). Hence, equations H8.2.3|) yield: M-v M^^y).^-^ Mw Thus, 
since A = /i — ^, we find: 

Wa = M^i^M-, = X^*Al(_,).^-i*A^„. (8.3.3) 

We now let w G be as in part (ii) of the Corollary. Then, the element A • is minimal in 
the right coset X-W G W^n, and we put x = X ■ w"^. Geometrically, this means that the Bruhat 
cell Bx = T--X d B is closed in m^^ {^w{Bx)) . Further, let A = A4^ ★ A^(_iy).^-i . Part (ii) of 

Proposition 18 . 2 . 4l implies that supp A = Bx and, moreover, A = Ce^ [— dim S^;]. It follows that 

supp ru^,{A -k Mw) — tn(supp A) — Grx, and that [■uu*{A * Mw)) — C^^ [— dimGrA — i{w)]. 
Part (ii) of the Corollary now follows from formula (|8.3.3|l . □ 



8.4 An Ext-composition. Recall the setup of equation (|8.2.3|l . In addition to the convolution- 
product functor * : -D^(S) x D^{B) — > D^{B), there is also a well-defined convolution functor ★ : 
D'^{B) X D'^{Gr) — > _Dj^(Gr) arising from the convolution-diagram G^(/C) Xj Gr — > Gr,{g,x)i-^ 
gx. Moreover, for any A G D^{B) and M G D^{Gr), one has A* M — (w^A) * M. In particular, 
for any fi G Y++ and A G Y, there is a well-defined object Wx * IC^ G D'^{B). 

For any M G D'^{Gr), and A G Y++, one may form an ind-object Wx-'^AI-kTZ G Urn ind {Gr) . 
Therefore, given two objects Mi, A/2 G D^{Gr), we may consider the following Z x Y-graded vector 
space 

E(Mi, M2) = 0^^^+^ E-(Mi, M2)a , (8.4.1) 
E" (Afi, M2)a := Ext' , {Ah , Wa * A/2 * 7^) . 

^ ' dI> {Gr) ^ ' 
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Next we introduce, for any three objects Mi, M2, M3 S _D|'(Gr), a "composition-type" pairing 
of E-groups, similar to the one defined in ij7.2l on the vector space Ext' (l^^, 7?.). Specifically, given 
any /x, A G Y++ and i,j G Z, we define a pairing 

P(Mi,M2)a® E^(M2,M3)^ — > P+^(Mi,M3)a+m (8.4.2) 

as follows. Let x e Ext*^^ o^^^^ , Wx^M^i^TZ) , y e Ext-^^^^ {Mi , >V^★M2★7^). We may view 
X as a morphism x : M2 Wx * M3 -kTl[i]. Applying convolution, we get a morphism 

>V^*a;★7^: >V^*A/2*7^ — > * (Wa * Afg ★ 7^[^]) ★ 7^ = (W^ ★ Wa) * M3 * (7^ ★ 7^)H. 

Note that ★ Wa — Wa+^, furthermore, the ring-object structure on TZ yields a morphism 
m-.n-kU^n. We now define yx& E*+J (Mi , M3) A+p = ^'^^'oHg > ' ^^+'' * ^3 * ^) the 
following composite morphism 

y.a;: Ml ★ M2 ^ n\]] " . (Wp * Wa) ★ Af2 ^ (7^ ★ 7^) [^] [j] 

- Wa+^ * Af2 * (7^ * 7^) [z + j] Wx+^. * M3 * 7^[^ + j] . 

The product {x,y) ^ y ■ x thus defined is associative in a natural way. 

8.5 Homogeneous coordinate ring of M as an Ext-algebra. Let be the (finite di- 
mensional) fiag variety for the group G, i.e., the variety of all Borel subalgebras in q. We write 
IT : N = T*Tt for the cotangent bundle on Tl. Recall that G is of adjoint type, hence, 

Hom(B,C^) = Hom(T,C^) = Y. 

For each A € Y, we write ©^^(A) = G C(A) for the standard G-equivariant line bundle on 
!Fi induced from A, the latter being viewed as a character B . 

Notation 8.5.1. For any A G Y, we put: 0^(A) = 7r*0^,(A). 

The natural C*-action on T*!Fi by dilations commutes with the G-action, making T*Ti into 
a C* X G- variety. Clearly, 0^(A) is a C* x G-equivariant line bundle on T*Pl. The C*-structure 

on C'j^(A) gives a Z-grading on F' (A/", (A)), the space of global sections. Further, the obvious 
canonical isomorphism (A) ® O-^ (/i) O ^ (A -|- /i) induces, for any A, ^ G Y, a bilinear pairing 
of the spaces of global sections: 

f-(a^,o^(a))®f-(a/-,o^(m)) f-(a/-,o^(a + m)). 

These pairings make ®;^gY++ ^' i-^ t ^ j^W) a Z x Y++-graded algebra. 

Now, the construction of ^8.41 applied to the special case Mi = M2 = l^^, yields a Z x Y++- 
graded algebra E(l(-^, l^-J — 0AeY++ ^^^'^hiQ > ' *T^)- This algebra comes equipped with a 
G-action, as has been explained at the end of t l7.1l It is known further that the Ext-group above 
has no odd degree components, due to a standard parity-type vanishing result for IC-sheaves on 
the loop Grassmannian (that is, for the affine Kazhdan-Lusztig polynomials). 

The main result of this section is the following 
Theorem 8.5.2. There is a canonical G-equivariant (Z x Y^^)-graded algebra isomorphism 

flft Ext^' {i^,Wx*n) - flft r{Af,oJx)). 
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To prove the Theorem recall the principal s[2-triple {t, e, f) C g, and the Cartan subalgebra 
(j = 0*+*^, introduced in §6. Associated to this s[2-triple, is the Brylinski filtration, W,V, cf. 
Definition 16.5. II on any G-representation V G Rep(G). 

Our proof of Theorem lS . 5 . 2l exDloits two totally different geometric interpretations of Brylinski 
filtration. The first one is in terms of Intersection cohomology, due to [G2] , and the second one 
is in terms of equivariant line bundles on the fiag manifold for G, due to [Br]. The compatibility 
of the two interpretations, which is crucial for the proof below, is yet another manifestation of 
Langlands duality. 

We begin by reviewing the main construction of [Br]. 



8.6 Brylinski filtration in terms of Springer resolution (after |Brp. Write H C G for 
the maximal torus corresponding to the Cartan subalgebra () = g*^*^. Given a weight A S Y let 
: H —> C* denote the corresponding honiomorphism. Put 

C[G](-A) = {/eC[G] I f{h-g) = e-\h)-f{g) , \/g e G , h e H} . (8.6.1) 

Observe that the G-action on C[G] on the right by the formula {Rgf){y) — f{y ■ g^^) makes the 
space C[G](— A) above into a left G-module, isomorphic (by means of the anti-involution: y i-^- y~^ 
on G) to the induced (from character e^) representation 

Indge^ = {fe C[G] I fig ■ h) = e\h) ■ f{g)}. 

Consider the Borel subgroup B corresponding to the Lie algebra Lie B = n + t. Since e, t S 
Lie B, we have H C B. We identify the flag manifold J^£ with G/B. The projection: Ad g{t+e) i-^ 
gB/B makes the conjugacy class Ad G(t+e) C g an affine bundle over J- £ relative to the underlying 
vector bundle tt : T*!Fl — > !Fl^ the cotangent bundle. 

Observe next that the map g i— > Ad g{t + e), descends to a G-equivariant isomorphism 
G/H Ad G{t + e). We view the space Ind^e'*', cf (|8.7.5|l . as the space of global regular 
sections of the G-equivariant line bundle on the conjugacy class Ad G(t + e), corresponding to the 
character e^. Following [Br, §5], consider the natural filtration F^^ on Ind^e^ by fiber degree^ see 
[Br, Theorem 4.4]. Write gr'^*" (ind^C**) for the corresponding associated graded space. By [Br, 
Theorem 5.5] we have a Z-graded G-module isomorphism 

gr':(lndge^) = T{T*rt, ir*0{\)) = V{N,0^{\)) . (8.6.2) 

The main idea of Brylinski is that the fiber degree filtration on the line bundle corresponds to 
a 'principal' filtration on (the A-weight space of) the regular representation C[G], see [Br, Theorem 

5.8], whose fc-th term is defined by the formula: Ker(e'=+i) n C[G] = {(^ G C[G] e^+^{Lp) = 0}, 

where e{ip) denotes the infinitesimal e-action on Lp on the right. 

In more detail, for any V € Rep(G), we consider the weight decomposition V — ®^£y ^(z-*)' 
with respect to the Cartan subalgebra \) = g*"*"*^, and also the Brylinski filtration W.V, cf. Definition 
We wiU use the notation WkV{^i) := Vip) (1 WkV , and grf V{ii) := WkV{fi)/Wk-iV{fi). 
Write ht(A) := J^iei (^^"i) for the height of A G Y. 

By [G2, Lemma 5.5.1] we know that, for any V G Rep(G), A e Y++ and fc S Z, one has: 
Ker(e'=+i) n V{-\) = W^fc+ht(A)V^ n V^(-A). This equation, applied for V = C[G], and Bryl inski's 
Theorem [Br, Thm. 5.8] cited above imply that the graded space on the LHS of formula (|8.6.2|l 
coincides with the graded space gr.^^^^^^ (ind^e'*') . Thus, for any A S Y++, we obtain a chain of 
isomorphisms 

gr.^,,(,) (Indge^) = gr.'^.f,) (indge/) = V {U, (A)) . (8.6.3) 
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8.7 Proof of Theorem 18. 5. 2( We first fix A € Y++, and construct a Z x Y-graded vector 

space isomorphism Ext' ^^^^(1;-^ , -kTZ) ~ T' {J\f , 0^{X)). We will then verify compatibility of 

the constructed isomorphisms for different A's with graded algebra structures on both sides of the 
isomorphism of Theorem 18. 5. 21 

Notation 8.7.1. Given A € Y, let j\ : Gr^ ^ Gr be the Bruhat cell imbedding, and := 
ij\)\C^^^ [dimGr^], the corresponding 'standard' perverse sheaf on Gr. 

We will use below that, for A e Y++, the restriction of the projection vu : B ^ Gr to the 
Bruhat cell B-x is a fibration B-x Gr^x with fiber C^'^"'-', where w & W is the element of minimal 
length such that w{-\) G Y++. It follows that w^M-x = A_a[-^(w)]. Further, for A e Y++ we 
have by definition, W_a = M-x, hence, W-x * = vj^:W-x = vo^M-x = ^~\[-i{w)]- 

Note that, since convolving with (W^x * Wa) acts as the identity functor on Dj(Gr), the 
functor yy_A * (~) is an equivalence. Therefore, we find: 

Ext;,^^_^ (1,, , Wa * 7^) = Ext;^^^^^ (W-A * Ic, , W-A * Wa * 7^) 

= Ext' (ro*7W-A , 7^) = Ext' (A_Ah^(«^)] , 

Further, view an element € Y as a point in Gr, the center of the cell Gr^, and write 
«i/ : {i^} ^ Gr for the corresponding imbedding. Then, for any object £ D^'Perv-^{Gr), we 
clearly have Ext^^^^ ^ (A^, TV) = H' {ilN [dim Gr^]) = i?'+^'™^''- (i|,7V). Hence, for A e Y++, we 
get: Ext^^^^^(A_A[-^(w)],^) = iy»-^('^')+dimGr_^ ( -i^^^^^ Combining aU the observations above, 
we obtain a canonical isomorphism 

Ext^^^^^^(l<-^ , WA*7^) = i^'+*'"(^)(^LA7^) , ht(A) := height(A) , VA e Y++, (8.7.2) 

where we have used that if A is dominant, and w e is an element of minimal length such that 
-w{X) e Y++, then dimGr_A = ^(ui) +ht(A). 

We will express the RHS of (|8.7.2|l in representation theoretic terms. To this end, we recall 
first that there is a canonical filtration, W.Hs{M), on the specialized equivariant cohomology of 
any object M G D^v{Gr). Now, let yit G Y C Gr be a T^-fixed point, and M = i'l^^A, for some 
A e T'eru^vjQj (Gr). By [G2, Proposition 5.6.2], the filtration W, is strictly compatible with the 
fixed point decomposition (|6.4.1|l . i.e., we have 

WkH^ii^A) = Hsir^A) n WkH,{A), ^A e Verv ^,^^^{Gr) , fc e Z. (8.7.3) 

Further, for any V G Rep(G), the fixed point decomposition on HsiVV) corresponds, by Theorem 
16.5.21 to the weight decomposition onV = 0^gY '^i^h respect to the Cartan subalgebra 

f) = 0*^"^ and, moreover, the filtration W.Hs{VV) corresponds to Brylinski filtration W.V . Hence, 
(|8.7.3|l implies that, for any fc e Z, the subspace WkHsii^^iJ^V)) C Hs{VV) corresponds to the 
subspace V{^i) n WkV c V. 

It is known, cf. e.g. jGl| that, for any A G 'Peri^^v^^j (Gr), the complex r^A is pure in the sense 
of [BBD]. Hence, the spectral sequence for equivariant hyper-cohomology of r^A collapses. It fol- 
lows, see |G2I Proposition 5.6.2], that, for any A G 'Perv^^^^^ (Gr), one has a canonical isomorphism 

H' {i'^A) — gr^ (^Hs{i'^A)y Thus, we obtain canonical isomorphisms 

H'^(^lirV))=grYH,{^l{rV))^grYVi^,). (8.7.4) 
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Since 7^ = r<C[G], the isomorphism (jHTIjl yields: H''{r_^n) = grJ^(C[G](-A)), where 
C[C?](— A) is the (— A)-weight space of the left regular representation of G. Thus, the considerations 
above and formulas (|8.7.2|l and (|8.6.3|l yield isomorphisms 



Ext 



(1,^ , Wa * 7^) ^ gr.^,,(,) (Indge^) ^ T' {M, 0^{\)) , VA e Y 



(8.7.5) 



The composite isomorphism gives the isomorphism claimed in Theorem l8.5.2l 

To complete the proof, we must show that, for any A, /x € the isomorphisms H8.7.5(l and 

(j8.6.3(l transport the product map, see H8.4.2|l : 



Ext 



^ (1,^, >VA*7^)®Ext ^ (l<-^,7^*>V^) 



Ext 



(l,^,7^*WA+M) 



(8.7.6) 



to the natural product-pairing: T' {M, 0^{X)) T' (TV, C^(/-i)) 



To this end, consider the action-map a : G^(/C) x 



Gr 



r(AA,0^ (A + /.)). 
■ Gr, see Sect. 16.31 For any 



X € Y, set Grl := a-\{x}) C G^(/C) x^,^^, Gr, and write : Gr^ 



G^(/C) x^,,„, Grforthe 

imbedding. By base change, we have r^°a^ = a*oj^. Further, recall the morphism m ■.TZ^TZ = 
aif{TZWR.) TZ corresponding to the algebra structure on C[G], see (|7.2.2|) . We form the composite 
morphism 

a*oj! (7^i7^) = ^l, = a47^i7^) r u (8.7.7) 



Now, given j/, 77 G Y, we have an obvious imbedding ii, M i^i : {v} x {77} ^ Gr^_|_^. Composing the 
maps of cohomology induced by the latter imbedding and by morphism (|8.7.7|l for x = j/ + 77, one 
obtains natural maps 



^■(«*^7t+,(7^^7^)) i^•(^L+,7^) 



It is a matter of routine argument involving base change, cf. e.g. proof of [G2, Proposition 
3.6.2], to show that the following diagram commutes 



Ext, (Ic, , >VA*-^)(g)Ext , (lGr.'^*W^) = 



Ext 



o''(Gr) 



Thus, completing the proof of the Theorem amounts to verifying that: For any v, rj, and 
V = C[G], the diagram below (arising from i8. 6. 1\) by means of isomorphisms H8.7.4|l ) commutes 



Em 



:grr'^^,(iL7^)®gr^■//,(i^7^): 



:grr(C[G](^.))®grr(C[G](r;)) 



MM 



'{C[G]iu + r,)) 



The square on the left of the last diagram commutes because Hs{—) is a tensor functor on 
Verv^^^^^{Gr), and the canonical filtration W. on the specialized equivariant cohomology is 
compatible with convolution. The square on the right commutes, because the filtration on g- 
representations by the eigenvalues of the i-action is obviously compatible with tensor products. 
This completes the proof of the Theorem. □ 



55 



Remark 8.7.9. Write: g — G b for Grothendieck's simultaneous resolution, see e.g., [CG, cli.3]. 
Similarly to Theorem l7.3.1l one also has an equivariant version of Theorem 18. 5. 21 saying that there 
is a canonical Z x Y++-graded algebra isomorphism 

eExt' (i^,Wx*n) ~ ffi r"(0,a(A)). o 

8.8 Another fiber functor on Verv ^^^^^{Q>r). Following H8.5I we consider a Z x Y++-graded 
algebra 

The action of G on M induces a natural G-action on T[Af\ by graded algebra automorphisms. 

By construction, the algebra T[N] may be viewed as a multi-graded homogeneous coordinate 
ring of the variety M. In particular, any object M S Mod'"^^^ (riA/"]) gives rise to a G x C*- 
equivariant coherent sheaf ^{M) G Coh^'^^' [Kf). The assignment M \ — > ^(M) gives an exact 
functor ^ : Mod^^^*(r[A^]) Coh^''^\U). 

Next, recall the notation H8.4.1I) and observe that, for any M € D|'_ (Gr), the space E(l(-^, M) 
has a natural graded E(l(-^, l^J-algebra structure, via the pairing defined in 18.4.2|) . 

Now, the graded algebra isomorphism E{1^^,1^^) = r[A/], of Theorem 18.5.21 gives rise to 
an equivalence Mod*^'^'^*(E(l(-^, l^-J) ^ Mod'^^'^*(r[A/']). We consider the composite functor § : 
V I — > ^(E{1^^,'PV)); explicitly, our functor is the following composite: 

§: Rep(G) ^ Verv^,^^^{Gr) ^ Dl^JGr) Mod«^^*(E(l,^, (8.8.1) 

^ Mod'^^^*(r[A/-]) ^ Co;i'^^^*(a/-). 

Very similar to Proposition l7.7.51 using the isomorphism in (I7.7.2|l . one proves 
Proposition 8.8.2. The functor § is isomorphic to the functor V i-^ V ^ O^. □ 

We will not go into more details here, since a much more elaborate version of this result will 
be proved in section]^ 

8.9 Monodromic sheaves and extended afflne flag manifold. At several occasions, we 
will need to extend various constructions involving convolution of I-equivariant sheaves to the 
larger category of I-monodromic sheaves. In particular, we would like to extend the bifunctor 
Ml, M2 I — > E(Mi, M2), from the category 1?^ (Gr) to the category D^^_ (Gr). The construction of 
such an 'extension' is analogous to a similar construction in the framework of I?-modules on the 
(finite dimensional) flag manifold, given in |B1GI §5] (see esp. |B1GI (5.6), (5.9.1)-(5.9.2)]). We 
proceed to more details. 

In G^(/C), we consider the following subgroup Ii := {7 G G^(C') | 7(0) = 1}. Thus, Ii 
is a pro-unipotent algebraic group that may be thought of as the (pro)-unipotent radical of the 
Iwahori group I. We have I = • Ii. The coset space B := G^(/C)/Ii has a natural ind-scheme 
structure, and will be called the extended affine flag manifold. The torus normalizes the 
group Ii. Hence, there is a natural T^-action on B on the right, making the canonical projection 
Ti:B = G^(/C) /Ii — > G^(/C)/I ^B'A principal T^-bundle. 

Let X be an (ind-) I- variety. We recall that the notions of being Ii-monodromic and of being 
Ii-equivariant are known to be equivalent, since the group Ii is pro-unipotent. In particular, we 
have D\_^^^[X) C D\^_^^^{X) = (X). 
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Assume now X is an (ind-) G'^(/C)- variety. The G(/C)-action on X gives rise to the foUowing 
convolution diagram: G"^{JC)x^^X — > X . (a.x) i-^ ax. of.. H8.2.1|) . Forany^eDj^_ (G(/C)/Ii) = 

Dl^JB) and 7W G C D^-^ (AT), there is a weU-defined object A^M e D''{G'^{IC) A). 

We put A*A4 :~ a^,{A^A4), an I-monodromic complex on A. This way, one defines a convolution 
bifunctor * : Z?^^ (^) x L'^' (A) — > (A). This applies, in particular, for A = S and 

A = Gr. 

For each w S W^ff, we put B^i '■= 7r^^(S^), a T^-bundle over the cell B^, which is (non- 
canonically) isomorphic to the trivial T^-bundle x B^ ~^ Bw Write jw ■ B^ ^ B for the 
imbedding. 

Let ^ be a " universal" pro-unipotent local system on ; specifically, if 11 denotes the group 
algebra of the fundamental group of the torus with respect to a base point * € T^, then the 
fiber of the local system (? at * € equals the completion of 11 at the augmentation ideal. Given 
w G Watf, let d'u, denote the pull-back of S' via the projection Bw arising from a (non- 

canonically) chosen T^-bundle trivialization /B^, ~ x Bw We put Mw (iju)!'?to[dimS„,], and 
■^w ■— (ito [dim Stu]. These are pro-objects in Per\/^_^^^{B). 

Let w G Watt- It is straightforward to verify that, for any M £ (B), resp., M S 

D^_^^^{Gr), the pro-objects Mw*M , M]^*M are indeed actual objects of D'^_ ^{B), respectively, 
of (Gr). Moreover, if M G D'^{B), resp., M g D|'(Gr), then one has canonical isomorphisms 

7W„*Af~7W„*M and Ml * M Ml * M. (8.9.1) 

Remark 8.9.2. We warn the reader that, for AI e D'^_ (Gr) and A G Y, the convolution Wx * M 
is not defined, in general. 

We are now able to extend the constructions of H8.4I and assign E-groups to objects of the 
category D^_^^^(Gr) D Dj(Gr), as follows. Given A G Y, choose /x, G Y++, such that X — ^ — v, 

and consider the objects M"^ , M-u G D'^_ {B). Although the convolution of two objects of the 

category D'^_ (B) has not been defined, we can define an object 

{Wx -k M) := Ml ★ {M_^ ★ M) g D\_^^^ (Gr), for any M G D\_^^^ (Gr), 

that involves only the convolution * : D^^_ [B) x D^^_ (Gr) — > D^^ (Gr). One verifies that 
the object (YVx * M) thus defined is independent of the choice of the presentation A = ji — v. 
Moreover, it follows readily from (|8.9.1|l that the functor {Wx * (-)) : -D^" (Gr) — > D^^ (Gr), 
when restricted to the subcategory D^{Q>r) C (Gr), agrees with the functor Wx * (— ) given 

by the genuine convolution. The functor (Wa * (~T^ ^-l^^) has all the other expected properties, in 
particular, we have {W^ ★ {Wx ir M)) = {Wf,+x * M). 
Now, for any Mi, M2 G D^^_ (Gr), we put 

E(Afi,M2) :=0,^^,, Ext;^(co(^^^i' {Wx*M,)^n), 

where the ind-object (yVx*M2) *TZ is well-defined since TZ is clearly an I-equivariant ind-sheaf on 
Gr. 

From now on, we will make no distinction between the functors Wx * {—) and {Wx * (— )) 
and, abusing the notation, write simply Wx * (— )■ 
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9 Geometric Equivalence theorems 



In this section (only) we will be working over the ground field k = Q£, an algebraic closure of 
the field of ^-adic numbers. We write Gm for the multiplicative group, viewed as a 1-dimensional 
algebraic group (a torus) over k. 

9.1 Equivalence theorem for perverse sheaves. For any A e Y, the closure, Gr\ = 
I-A C Gr is known to be a finite dimensional projective variety, an affine Schubert variety. Let 
IC\ = IC{Gr\) denote the corresponding intersection cohomology complex, the Deligne-Goresky- 
MacPhcrson extension of the constant sheaf on Gr^ (shifted by dimGrA). For A e Y++, we have 
Gr^ — 6*^(0) -A, hence the notation above agrees with the one used in §§6-8. 

Notation 9.1.1. We write 'Perv{Gr\) := Verv^_^^^{Gr\) for the abelian category of I-monodromic 

.^-adic perverse sheaves on Gr;^, and let 'Perv{Gr) := Urn indVerv (Gr^), be a direct limit of these 

AeY++ 

categories. 

Clearly, 'Perv{Gr) is an abelian subcategory in Z?''(Gr). The Ext-groups in the categories 
Perw(Gr) and D^{Gr) turn out to be the same. Specifically, one has 

Proposition 9.1.2 ([SGS], Corollary 3.3.2). Th ere is a canonical isomorphism 
Ext;_^^^^(/:i,/:2)^ Ext;^^^^^(£i,£2), VA, £2 e ^er«(Gr). □ 

Recall that, for each A e Y++, the finite-dimensional projective variety Gr^ admits 
a (finite) algebraic stratification by Schubert cells. Therefore, each category 'Perv{Gr\) has 
finitely many simple objects, and the simple objects of the category Verv{Gr) are parametrized 
by elements of the root lattice Hom(Gm,r^) = Y. For each A G Y, one also has the stan- 
dard perverse sheaf Aa = (j'A)!kg,^ dim Gta] G 'Perv{Gr), and the costandard perverse sheaf 
Va = {j\)*'!^Q,^ [— dim Gr\] G 'Perv{Gr), where jx : Gr\ ^ Gr denotes the Schubert cell imbedding. 

Notation 9.1.3. Given A G Y, we put W\ := W\ * 1^^ = zu^{Wx) G Verv{Gr), where n7 : Gr is 
the standard projection, cf. ii8.2l 

If A G Y++, resp., A G — Y++, then from the definition of Wakimoto sheaves we get Wx — Va, 
resp., Wa = Aa. 

Recall the category -DTOhcrent (•^) introduced in H3.ll and invertible coherent sheaves ©^(A) 
on the Springer resolution J\f, see Notation 18.5.11 Later in this section we are going to prove 
the following result that yields (a non-mixed counterpart of) the equivalence P on the right of 
diagram Ijl. 1.1(1 . 

Theorem 9.1.4. There is an equivalence of triangulated categories P' : D^Verv{Gr) 
D^oherenti'^)' swc/i that P' {1^) = O^, and, for any M G D'''Perv{Gr), one has 

P'{Wx * M * rV) = y ® (A) (g) P'(M), for all A G Y , V G Rep(G). 

9.2 Mixed categories. An abelian k-category 'tf""" is called a mixed (abelian) category, cf. 
[BGSI Definition 4.1.1], provided a map w : Irr('^) Z (called weight) is given, such that for any 
two simple objects M,N e IrrC^^"""") with w{M) < w{N), one has Ext;^™^ (Af, iV) = 0. 

Let 'ta be a mixed category with degree one Tate twist, i.e., with an auto-equivalence 
M M(l) of 'rf""\ such that u;(M(l)) = w{M) + 1 for any M G IrrC^"'" ). Eve ry object M G 'rf'"'" 
comes equipped with a canonical increasing 'weight' filtration \N,M, cf. jBCxSI Lemma 4.1.2]; the 
Tate twist shifts the weight filtration by 1. 
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Remark 9.2.1. In jBGSL Definition 4.1.1], an additional requirement that ^ is an artinian cate- 
gory is included in the definition of a mixed category. This requirement may be replaced, without 
aflFecting the theory, by the following two weaker conditions: 

• For any M £ 'if"'"' and i e Z, the object WiM/VJ^^M has finite length, and 

• For any M, N e and i > 0, we have dim Ext^^ix (M, N) < oo. 

These two conditions hold for all mixed categories considered below. 

We recall the notion of a 'mixed version' of an abelian category, alternatively called a 'grading' 
on the category, see ^EGSt §4.3]. Let 'tf be an abelian k-category, 'tf""" a mixed abelian category, 
and V : ^ an exact faithful functor. 

Definition 9.2.2 ( jBGSj . Definition 4.3.1). The pair ("^^ , v) is said to be a mixed version of 
^ (with forgetful functor v) if the following holds: 

• The functor v sends semisimple objects into semisimple objects, and any simple object of 'rf 
is isomorphic to one of the form v{M) , M S Irr('^ ); 

• There is a natural isomorphism e : v{M) v{M{l)) , VAf e ; 

• For any M, N d , the functor v induces an isomorphism 

0^^^ Ext;..(M,iV(n)) Ext^{v{M),v{N)). (9.2.3) 

For example, the category Coh^^'^"' {J\f) has a natural structure of mixed abelian category. It 
is a mixed version of the abelian category Coh'^{Af), with the functor v : Coh^^'^"' (M) Coh^{J\f) 
forgetting the Gm-equivariant structure. 

Similarly, the abelian category Mody ^"''"(A), see Notation l3.2.1l is a mixed abelian category. 

The set Irr(Mod^^''^"'(A)) of (isomorphism classes of) simple objects of this category consists 1- 
dimensional graded modules: k/.,{X){i) , A e Y, i e Z, (here (i) indicates that the vector space 
IkA(A) is placed in Z-grade degree i). The weight function on Irr(Mody ^"^^ (A)) is given by w : 
IkA(A)(i) I — > i. Further, the natural functor Mod;^ (A) — > Modf (A) forgetting the Z-grading 
makes the category Mod^^^" (A) a mixed version of the category Mody (A), see Notation 13.2.11 

We will also use the notion of a mixed triangulated category, for which we refer the reader 
to [BGSh]. The derived category of a mixed abelian category is a mixed triangulated category. 
Given a triangulated category D, a mixed triangulated category D , and a triangulated functor 
V : D —^D, one says that the pair (D , w) is a mixed version of D if conditions similar to those 
of Definition hold. 

For example, we have a natural functor Coh^^'^"' — > -^TOhcrcnt l-^) ' which extends to 
a triangulated functor f : D''Co/i'^'''^"' (A/") — > -D^horont(-^)- We claim that the latter functor 
makes the category D^Coh!^^^'" {M) a mixed version of D^oi.etent^-^) ■ see this, we first apply 
the equivalences of diagram (|3.2.4(l . This way, we reduce the claim to the statement that a similarly 
defined functor Mod;^'"^"'(S) Df(S) makes the category D'' Mod;^''^"'(S) a mixed version 
of D^(S). We leave the proof of this latter statement to the reader (one can either compare 
the Ext-groups in the two categories directly, or else use Koszul duality to eventually reduce the 
comparison of Ext's to Proposition EiSSIi))- 

This way. Theorem 13 . 9 . 61 may be suggestively reinterpreted as follows 
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Corollary 9.2.4. The pair {D^Coh'^''^^{M) , v), where the functor 'v ' is defined as a composite 

is a mixed version of the triangulated category Z3^block(U). □ 

9.3 Mixed perverse sheaves. In the rest of this section we will be working with algebraic 
varieties over F, an algebraic closure of a finite field F^, where q is prime to £. Thus, the loop 
Grassmannian Gr is viewed as an ind-scheme defined over Fg. Let Z?^(Gr) be the constructible 
derived category of (compactly supported) £-adic sheaves on Gr. Following Deligne jDe| . we also 
consider D^^^^^{Gr), the category of mixed £-adic constructible complexes on Gr, cf. |BBD| for 
more references. We have an obvious forgetful functor v : D^ixedi'^'^) — * £>^(Gr). 

For any M, N g ^mixed(^'')i the vector space Ext' (uM, vN) comes equipped with a natural 

D (Gr) 

(geometric) Frobenius action, preserving the Ext-degree. Below, we will be abusing the notation 
slightly and will be writing Ext' ^ (Af, A^) instead of Ext' ^^^^{vM,vN); this cannot lead to a 
confusion since the category we are dealing with at any particular moment is always indicated in 
the subscript of the Ext-group in question. 

Deligne results from De imply 

Proposition 9.3.1. For any Mi, A/2 G ^tixedi^"^ ^ "^^^ absolute values of eigenvalues of the 
(geometric) Frobenius action on the spaces Ext^tj-g,.-) (Afi, Af2) are integral powers of q^^^ . □ 

According to |BGS[ p. 519], there is a well-defined abelian subcategory Verv (Gr^) C 
-Omixed(G''A) (it IS the Category denoted by V in [BGSL above Theorem 4.4.4]), which is a mixed 
abelian category. Moreover, by jBGSI Lemmas 4.4.1(2), 4.4.6, 4.4.8], one has 

Proposition 9.3.2. For each X e Y++, the following holds: 

(i) The forgetful functor v : -D^ixed('^''A) — ^ -D''(GrA) restricts to a functor v : Verv (Crx) 
— > 'Perv{Grx), that makes the category Verv (Gr^) a mixed version of Verv{Gr\). 

(ii) The category Verv {Gr\) has enough projectives. Moreover, for any projective P G 
Verv (Gr^), the object vP is projective in Verv{Gr\) . □ 

It was further shown in |BGS| that, for each fi < X, the standard perverse sheaf and the 

costandard perverse sheaf admit canonical lifts to Verv (Gr^). Abusing the notation, we will 
denote these lifts by and again. 

Below, we will make use of the following 

Proposition 9.3.3. (i) Any projective P G Verv {Gr\) has a A-flag. 

(ii) For any X, fi Cz Y we have A4^ * A^ G Verv{Gr), is a perverse sheaf. 

Proof. Part (i) is standard, cf. e.g. |BGSI Theorem 3.2.1]. The proof of part (ii) is entirely similar 
to the proof of Proposition 18 . 2 .4T i) . and is left to the reader. □ 

Next, we put Verv (Gr) :— Urn ind Verv (Gr\). From Proposition 19.3.21 we deduce that 

AeY++ 

Verv (Gr) is a mixed abelian category, moreover, it is a mixed version of the category Verv{Gr). 
In particular, the simple objects of Verv (Gr) are parametrized by elements of Z x Y. 
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The category Verv (Gr) does not a priori have enough projectives (although, it turns out, a 
posteriori that it does). Nonetheless, given a simple object L S Verv (Gr) and any A G Y"*""*", such 
that supp L C Gta), we can use Proposition 19. 3.^ ii) to find an indecomposable projective cover 
-» L, in the category Verv (Gr^). The uniqueness of projective covers yields, for any pair 
A < ^ (in Y++), a morphism P^. We conclude that the objects {P-^}_)^£Y++ form an inverse 

system, and we put P{L) := limpTojP^. This is a pro-object in the category Verv (Gr), which 
is a projective cover of L. If L is pure of weight w(L) — n, then the weight filtration W.P(L) is 
well-defined, moreover, we have W„P(L) ~ P{L). This way one proves 

Lemma 9.3.4. Any object of AI e Verv (Gr) is a quotient of a projective pro-object P such that 

(i) \N,P/\N^,P e Verv""\Gr), for any i e Z, and 

(ii) If\Nr,M = M, then we have \NnP = P. □ 

Remark 9.3.5. Note that in the situation of the Lemma one typically has W.^P ^ for all i <C 0, 
in general. 

An important role in the construction below will be played by the following 
Lemma 9.3.6. For any projective objects Pi,P2 G limprojVerv (Gr), and A,/i G we have 

Ext2,.(G,)(^i, Wa*P2*/C^) -0 for any n ^ 0. 

Proof. Fix A and fj, as above. We claim first that Wa * vP2 * IC^ is a perverse sheaf. To 
see this, we note that for A G we have Wx = M.\. Further, by Proposition l9.3.3T i). the 

projective P2 admits a A-flag. Hence, we are reduced to proving that M\-k /^^-k IC^ is a perverse 
sheaf, for any G Y. But, part (ii) of Proposition 19.3.31 savs that * G Verv{Qr). Hence, 
Wa *i^P2 = M\ *vP2 G Verv{Qr), by Proposition 19. 3. 3r ii'). and therefore {Wx ★WP2) ★/C^ is a 
perverse sheaf by Gaitsgory's Theorem 16. 3. 21 

To complete the proof, we use Proposition 19 . 1 . 2l to obtain 

Ext'i.(G,) (Pi , Wa * P2 * IC^) = ^^tl,rv(Gr) {Pi , Wa * P2 * IC^) . 

Now, since vPi is a projective, the Ext-group on the RHS above vanishes for all n 7^ 0, and we are 
done. □ 

Definition 9.3.7. Let D^^^-^{Qr)^ resp., Z?proj(Gr), be the full subcategory in the homotopy category 

of complexes in limprojVerv (Gr), resp., in Urn proj Verv (Gr) , whose objects are complexes C = 
(. . . ^ C" ^ C*+i ^ . . .) such that 

• uC* is a projective pro-object in Verv{Gr), for any « G Z, and C* = for i ^ 0; 

• W{C') = for i <C 0, moreover, vW{C') G Pe™(Gr), for any i G Z. 

In the Dproj(Gr)-case, one has to replace vC by C in the two conditions above. 

From Lemma l9 . 3 .41 one derives the following 

Corollary 9.3.8. (i) The natural functor O""" : D'"^^'^-{Gr) — > D^Verv (Gr), resp. the functor 
: -Dproj(Gr) — ^ D^Verv{Gr), is an equivalence. □ 
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9.4 EVom perverse sheaves on Gr to coherent sheaves on J\f. The rest of this section is 
mostly devoted to constructing the equivalence P on the right of diagram Our strategy 
will be as follows. 

First, we consider the Z x Y++-graded algebra r[A/'], introduced in i j8.8l and the abelian 
category Mod'^'''^-(r[7V']). We wiU construct a functor D'"^'^^-{Gr) — > Mod'^''^" (r[7V']). Then, 
we will invert the equivalence of Corollarv l9.,S.8l and form the following composite functor 

P : D^Verv "(Gr) D^^.l^iGr) ^ D'' Mod^''-^'-{T[J\f]) ^ D''Coh^'''-^'-{U), (9.4.1) 

where ^ : Mod'^''^"(r[7V']) — > Coh^'^'^'"{Sj') is the natural functor that has been considered in 

To proceed further, we need the following 

Definition 9.4.2. An object M = A)ezx¥ ^\ ^ Mod*^""^" (FfTV"]) is said to be thin if there 
exists fieY such that M{ = for aU A G ^ + 

Thin objects form a Serre subcategory in Mod^''^'"(r[7V]), which wiU be denoted 
Modfj^^f'"(r[7V']). The functor ^ sends any object of the subcategory Mod^^^n^" (r[A/]) to zero, 
and, for any M e Mod'^''^'"(r[7V']), one clearly has 

r{Af, ^{M)(E)0^{X)) ^ M in Mod^^'^'"(r[An)/Mod^;^,'^-(r[A^]). 

AGY+ + 

Furthermore, an equivariant version of the classical result of Serre implies that the functor ^ 
induces an equivalence 

^: Mod^^^'"(r[A/'])/Mod^i,^,^-(r[A^]) ^ Co/i^^^-(AA). 

Our goal in this section is to prove the following result which is, essentially, a mixed analogue 
of Theorem EH 

Theorem 9.4.3. The functor P in (|9.4.1|) is an equivalence of triangulated categories, such that 
P{M *rV) = V®P{M) , yV G Rep(G), moreover, for any A S ±Y++, we have P(Wa) = 0^{X). 

Remark 9.4.4. The reason we restrict, in the last statement of the Theorem, to the case of A g 
±Y++ is that we do not know, for general A G Y, whether the object Wx € 'Perv{Gr) admits a 

natural lifting to Verv (Gr) (this would follow from 'standard conjectures' saying that the property 
that the Frobenius action be semisimple is preserved under direct and inverse image functors). In 
the special case of A S Y++, resp. A S — Y++, we have W\ — Va, resp. Wa — Aa, and such a 
lifting is then afforded by |BGSj . This is the lifting that we are using in the Theorem above. 

9.5 An Ext-formality result. We view the sky-scrapper sheaf 1^^ as a simple object (of weight 
zero) in Verv (Gr). Using Lemma [9.3.41 we construct a projective resolution . . . — > ^ P'^ ^ 
Ig^, where each is a pro-object in Verv (Gr). Moreover, since Verv (Gr) is known by |BGSj 
to be a Koszul category, one may choose the resolution in such a way that W^P' = P% for all 
z = 0, — 1, —2, . . .. Thus, the direct sum P := ©i<o P* is a well-defined pro-object in Verv (Gr). The 

differential in the resolution makes P a dg-object, equiped with a quasi-isomorphism P ^—^ Of 
course, P is a projective, hence, vP is a projective pro-object in Verv{Gr), by Proposition 19 . 3 . 2^ 1^) . 
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Recall that for any pair of objects Mi,M2 G -C'j_j^jjj,(Gr), we have defined a vector space 
E(Mi,M2), see (|8.4.1|l . Applying the construction to Mi = uP* and M2 = vP\i,j = 
0, —1, —2, . . . , we thus get a Z-graded algebra E' (P, P) := 0„g^ E"(P, P), where 

E"(P,P):= Ext°^^^^^(P\ WA*P^*7^). (9.5.1) 

{(ij")eZ2 I j:-j=n , AGY+ + } 

Notice, that the compatibility of formulas (|9.5.1|l and H8.4.1() is insured by Lemma [9.3.61 which 
yields 

Ext'' (P'' ,Wx*P^ *n) = for aU k ^ 0. 

Further, the commutator with the differential d : P' ^ induces a differential d : E"(P, P) 

E"+i(P, P), thus makes E(P, P) a dg-algebra. 

Recall next that by Proposition 19 .3 . l1 all the absolute values of egenvalues of the (geometric) 
Frobenius action on E(P, P) are integral powers of q^/-^. These integral powers give rise to an addi- 
tional Z-grading E*(P, P) = ^jC^' ^) which is preserved by the differential and is compatible 
with the algebra structure. Thus, the object E(P, P) becomes a differential bi-graded algebra. We 
write iJ(E(P, P)) = 0i7j(E(P,P)) for the corresponding cohomology algebra considered as a 
differential bi-graded algebra with induced bi-grading, and with zero differential. 

Proposition 9.5.2. (i) For any i 7^ j , we have _ffj(E(P, P)) ~ 0. Futhermore, there is a canonical 
graded algebra isomorphism 

ff:(E(P,P)) ^ E(1,,,1J [=0 ( Ext;,^^^^(l„WA*7^))). 

iei \ iei. AeY++ / 

(ii) The dg-algebra E(P, P) is formal, that is, there exists a bi-graded algebra quasi- 
isomorphism a : E(P, P) E(l(-^,lgJ. 

To prove the Proposition, we will use some standard yoga from |De| . 

Let A = (Bi he a dg-algebra equipped with an additional 'weight' grading = 0^ A^ 
which is preserved by the differential, i.e., is such that d : Al. ^ ^'tt^ ■ Thus, the 'weight' grading 
on A induces a grading H^{A) ~ (Bk Hl{A), on each cohomology group. The following formality 
criterion is (implicitly) contained in (Del 5.3.1] (cf. also the proof of [Del Corollary 5.3.7]). 

Lemma 9.5.3. IfHl,{A) = for alii ^ k, then the dg-algebra A is formal, i.e., is quasi-isomorphic 
to (^H{A) , d = 0) as a bigraded algebra. □ 

Proof of Proposition \9.5.Sl From isomorphisms H8.7.2(l we find 

E-(ic.iJ = 0,,,,, Ext;,^^^^(l,^,WA.7^) = 0^^^^^ i^•+-(^)(^LA7^). 

By the pointwise purity of the intersection cohomology of affine Schubert varieties (proved at 
the end of [KLlj l the space on the right is pure, that is, for any j, all the eigenvalues of the 
geometric Frobenius action on (i- ^JZ) have absolute value q^^^. Hence, we obtain Ej{l^^, l^J = 
unless i — j. 

To complete the proof of part (i), we observe that P 1^^ is a projective resolution and 

there are no non-zero Ext's between the objects P* and Wa *Tl (by Lemma [9 .3. 61) . It follows 
that the cohomology groups of the dg-object Hom(P , Wx-kP-kTZ) are by definition, the Ext-groups 
in the category 'Perv{Gr). Further, Proposition 19. 1.2l savs that we may replace Ext-groups in the 
category Verv{Gr) by those in the ambient category D''{Gr). The isomorphism of part (i) follows. 
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We deduce from the isomorphism and from the first paragraph of the proof that Hj (E(P, P)) = 
for any i ^ j- This completes the proof of part (i). Part (ii) is an immediate consequence of 
Lemma [9.5.31 □ 



9.6 Re-grading functor. For any M £ Verv{Qr), the group G acts naturally on the alge- 
bra E(M, M) by graded algebra automorphisms, as explained in t|7.1l So, we may consider the 
category Mod'^(E(M, M)) of G-cquivariant algebraic E(A/, Af)-modules, see Notation 13.2.11 In 
particular, let Comp'^(E(P, P)) be the homotopy category of G-equivariant algebraic differential bi- 
graded finitely-generated E(P, P)-modules (the group G preserves each bi-graded component and 
the differential acts on an object K e Comp'^(E(P, P)) as follows d : K] ^ ^f"^)- The following 
is a variation of |BGGj . 

Let K = (Kj) £ Comp'~^(E(l(-^, Then, for any element a € E"(l(-^,lgJ, the a-action 

sends isTj to K^l'^, since E"(1^^,1^J = E;^(1^^, l^-J, by Proposition EES Therefore, for each 
integer m € Z, the subspace G"^{K) :— 0jg2 ^l+m ^ ®i jez lGr)-stable. We put a 

Z-grading ^"(X) = ©-^^ G"'iK), on this subspace by G"'{K)i Ki+"\ Further, the differential 
d : Ki+'^ j^i+m+i^ giygg ^jgg E(l^,, l(-J-module morphisms G'^iK) G"^+^{K) which 

preserve the above defined gradings. This way, an object K = (fCj) g Comp'~'(E(l(-^, l^J) gives 
rise to a complex G{K) = (. • . ^ G'"(i^) G"'+'^{K) ->...), of graded E(l^^, l^J-modules. The 
assignment K i — > G(K) thus defined yields a functor 

G: Comp«(E(l,^,l,J) ^ i5H4od<=><«"(E(l,^, 

9.7 Construction of the functors P and P' . We begin with constructing a functor 

*: Dp:;(Gr) Comp^(E(P, P)) (9.7.1) 

as follows. 

View an object of D™oj(Gr) represented by a complex . . . ^ G* ^ G*+^ ^ ... as a dg-sheaf 

C = ®i G' e limprojVerv (Gr). To such a G, we associate a graded vector space E(P,G) = 
®„g2 E"(P,G), where 

E"(P,G):= Ext°^^ (P^WA*C^*7^). 

{(i j")eZ2 I j-i=n , AGY+ + } 

(By Lemma Em we know that Ext^^^^^(PS Wx -k & * TZ) =0, for aU k ^ Q, since is a 

projective). Further, the formula u i — > dc °u — uo dp, where dc, dp are the differentials on G and 
on P, respectively, induces a differential E'(P,G) E'+-'^(P,G). There is also a natural E(P, P)- 
module structure on the space E(P, G) coming from the pairing (|8.4.2|l . Finally, the geometric 
Frobenius action makes E(P, G) a bigraded vector space. Summarizing, the space E(P,G) has a 
natural differential bigraded E(P, P)-module structure. The assignment : G i — > E(P, G) thus 
obtained gives the desired functor in H9.7.1|) . 

Further, we compose ^' with the pull-back functor induced by the quasi-isomorphism a of 
Proposition 19 . 5 . 21 11) . In view of part (i) of Proposition l9.5.2l we thus obtain a functor 

D;:^.{Gr) ^ Comp«(E(P,P)) ^ Comp«(E(l,^, (9.7.2) 
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Next, we exploit Theorem 18.5.21 that provides a G-equivariant (Z x Y+"'")-graded algebra 
isomorphism, cf. H8.8I 

r[A/-] = E(l,„lJ (=0,^^,, Ext^;^^^(l,^,W.*7e)). (9.7.3) 

This isomorphism induces a category equivalence T : Mod'^'''^" (£(1^^, l^J) Mod'^'"^'"(r[7V']). 
We define a functor $, cf. H9.4.1() . as the following composite functor: 

D;:,^{Gr) ^ Comp«(E(P, P)) ^ Comp^(E(l,,, (9.7.4) 
i:i''Mod'^^"^'"(E(l,^,l<-J) ^ D''Mod'='^^'"(r[7V]). 

This is the functor that gives the middle arrow in diagram (|9.4.1|l . 

Finally, we define P := ^o$o (0 ) , the functor used in the statement of Theorem 19.4.31 
explicitly, this is the following composite functor: 

P : D'Verv'^'\Qr) ^^^(Gr) ^ Comp«(E(P, P)) ^ Comp«(E(l,^, (9.7.5) 

D''Mod"=^^'^'"(E(l,^,l<-J) D'' Mod^''^'- {T[Af]) ^ D^Coh'^''^'-iAf). 

Recall next that we have introduced in Definition 19.3.71 two homotopy categories, Dproji^f) 

and _Dp|.oj(Gr). So far, we have only worked with the category £)™j(Gr), since that category serves, 

by Corollarv l9.3.8l as a replacement of D^Verv (Gr), the category that we are interested in. 

Now, however, it will be convenient for us to start working with the category £'proj(Gr) instead. 
We observe that the construction of the functor $ given in tl9. 71 applies with obvious modifications, 
such as replacing double gradings by single gradings, to produce a functor 

$' : i?p,oj(Gr) D'^iTlU]). (9.7.6) 

Remark 9.7.7. As opposed to the construction of <&, in the construction of <&' the step involving 
the "re-grading" functor G should be skipped. Note also that we still use (as we may) the formality 
statement in Proposition 19 . 5 .^ ii^ . since we may exploit the mixed structure on P. 

Further, inverting the equivalence _Dp|.oj(Gr) = D^Verv{Qr) of CoroUarv 19.3.81 and mimicking 
H9.4.1|l . cf. also 1)9. 7. 5|) . we define the following composite functor 

P' : D'Verv{Qr) ^ D,,^-,{Qr) ^ ^ dI^^^^^,{M). 

9.8 Properties of the functor P' . An advantage of considering the "non-mixed" setting is 
that, for any A G Y, there is a well-defined functor W\ * (— ) on D^VerviQr). 

Proposition 9.8.1. We have P'{1^^) = O^; Furthermore, for any M E D^VerviQr)^ there is a 
natural isomorphism 

P'(W^*Af *py) ®0 {^l)®P'{M) , V/x G Y, y e Rep(G). 
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Proof. The isomorphism P'(l^^) = is immediate from the definition. 

To prove the second statement, we fix /i S Y and an object of Z?proj(Gr) represented by a 
single pro-object M S 'Perv{Gr), such that vM is projective in Verv{Gr). To compute P'{M), we 
have to consider the E(P, P)-module E(P, M) = ®xeY++ ^(P, M)x, where E(P, M)x ^ Ext" ^ ^ (P, 
>VA★Af★7^). 

Now, let V e Rep(G). To compute P'(Wf,*M*'PV), we must replace the object W^.^MirVV 
by a projective resolution C ^—^ ★ M ★ PV, viewed as a dg-object C — ®iC^, and set 

E(P,^^)= E(P,C)a, where E(P,C')a = Ext^,,^^^^ (P\ Wa * * 7^) (9.8.2) 

AeY++ (i,i)ez2 

Thus, E(P,C) is a dg-module over the dg-algebra E(P, P). The differential on E(P, C) is equal 
to d — dp + d^, a sum of two (anti-)commuting differentials, the first being induced from the 
differential on P, and the second from the differential on C. Each of the two differentials clearly 
preserves the weight decomposition on the left of (|9.8.2|l . 

In order to compare the objects E(P, M) and E(P, C), we now prove the following 

Claim 9.8.3. For any A £ Y++ such that A + /x G Y++, the dg-vector space (E(P,C)a, d) is 
canonically quasi- isomorphic to the dg-vector space (V (g) E(P, ★ M)\ , dp) . 

Proof of Claim. We observe first that the functor RHom^j,^^ ^ (P , W\ * {—) -kTZ) applied to the 
complex C, gives rise to a standard spectral sequence 

i;2==Ext' (P ,Wx-k H'(C)-kn) =^ iJ"f Ext' (P, WA*C*7^), d„V (9.8.4) 

Since C ^ W^^M^VV, is a resolution, we get H' (C) = Wf,*Mi<'PV. Therefore, the i;2-term 
on the left of p. 8. 4(1 equals Ext' ^ (P , Wa + W^^M *W*TZ). This last Ext-group is canonically 

isomorphic to F «) Ext^^^^ ^ (P , Wa * * A/ ★ 7^), due to (|7.7.2|l . 

A key point is, that our assumption: X + fi £ Y++ (combined with the fact that M, being 
projective, has a A-flag) implies, by Proposition 19.3. 3l that Wx+f^-kM is a perverse sheaf. Hence, 
yV\ * yVfj, * M -kTZ — (Wa+p * -kTZ is also a perverse sheaf, by Gaitsgory's theorem. Further, 
since P is a projective, we obtain 

Ext^^^^^^ (P , Wa * * M * 7^) = Ext;^^^_^^^^j (P , WA+;. ★ A/ ★ 7^) = for all n ^ 0. 

Thus, for the £'2-term in (|9.8.4|) . we obtain 

E2 = V^® Ext°^^^^^(P, >VA*>Vp*M*7^) = E(P,>V^*M)a. 

This implies that the spectral sequence in (|9.8.4|l degenerates, i.e., reduces to the following long 
exact sequence 

... ^ E(P,C2)a ^ E(P,C1)a ^ E(P,C°)a ^ F®E(P,W^^A/)a ^ 0. 

The long exact sequence yields a canonical quasi-isomorphism (E(P, C)x , d^) {V(^ E(P, W^* 

Af)A , dp). Claim 1^8. 31 now follows from another standard spectral sequence, the one for a bicom- 
plex, in which E(P, C)x is viewed as a biconiplex with two differentials, dp and d^. □ 
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Next, recall that we are given a weight /i G Y++, and put 

E(P,C)°:=fl^ E(P,C)a, and 

It is clear that E(P, C)° is a E(P, P)-submodule in E(P,C), and E(P, * M)° is a E(P, P)- 

submodule in E(P , ★ M). By Claim l?r.8.3l we have a quasi-isomorphism E(P, C)° V (8) 

E(P , Wf, * Further, the quotients E( P,C)/ E(P, C)° and E(P , W^, * Af)/E(P , * are 

both thin E(P, P)-modulcs, by Definition 19.4.21 Thus, we have established the following quasi- 
isomorphism 

E(P,C) ~ E(P, in D'' (^iod^""^'-" {r[f^) / Mod^^'l^'- {T[Sf]) 

To complete the proof of the Proposition, assuming that A + /i G Y++, we compute 
E(P,>V^*Af)A = E(P,>Va*>V^*M) = E(P,M)A+p. Thus, the graded space E(P, W^*M) 
= 0AGY++ E(P,Wp * M)a is isomorphic, up to a thin subspace, to the space E(P,M) = 
0_^gY++ E(P,M)a, with the Y-grading being shifted by ^. But shifting by fi is the same as 
tensoring by k(^). Therefore, in D^^^^j.^^^{J\f) , we have 

^ (E(P, C)) ~ ^ (F E(P , ★ Af )) ~ (k(/i) (g> E(P, M)) 

= V<»0^{^l) ^(E(P,M)), 

and the Proposition is proved. □ 

Proposition 9.8.5. For any A G Y++ and C G ^Grw^^^^^ (Gr), the functor P' induces an isomor- 
phism 

Ext" (1,^, Wa*/:) ^ Ext' rp'(i,j, P'(>Va*/:)). 

Proof. We may write £ = W, for some V" G Rep(G). Then, using formulas (|8.7.2|l and H8.7.4(l . 
we obtain 

Ext;^^^^^(l,^, Wa = H-+"(^)(zLa7'F) = gr^,,(A) ^(-A). (9.8.6) 

On the other hand. Proposition ESU yields P'{Wx-kVV) ® 0^(A) ® P'{lJ = V ^jg-(^)' 
and also P'(l^ ) = 0-. Since A G Y++, we have 

Hence, for £ ~ VV, wc find 

E-t;. ^^,(P'(1J, P'OVa^T'T/)) =Ext;^ ^^.JO^, y«0^(A)) 

coherent ' ' 



= Home (k , y ® Ext;^^_^^^^_^^^^^ {O^, 0^(A))) 
= (F®r(A/-,0^(A)))'' (9.8.7) 
(by second equahty in ^T^) ^ (^V (gr.'+ht(A)(Indge^))^ 
(by first equality in = gr.+ht(A) ((^ ® (Indge^))^ 
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Further, using Frobenius reciprocity, we obtain (V ^ (Ind^e'^))'' = V{—X). Hence, the last 
Une in (j^^HTjl equals gr.+ht(A) ^(-^)' which is exactly the RHS of ^J^. 

We leave to the reader to check that the isomorphism between the LHS and RHS of (|9.8.6|l 
that we have constructed above is the same as the one given by the map in (|9.8.6|l . The Proposition 
is proved. □ 

Lemma 9.8.8. Let A G Y 6e such that A ^ 0, i.e., A does not belong to the semi-group in Y 
generated by positive roots. Then, we have 

(i) RHom^ (1,^,Wa) = 0; and (ii) RHom^^ (O^ , 0^{X)) - 0. 

' coherent ^ ' 

Proof. To prove (i) recall that, for any /i, £ Y, we have *Wi, = W^+u- It follows, since 
(yV_^ ★ W^) * (— ) is the identity functor that, for any /i G Y, we have Ext* ^^^^ ^ (1,-^, Wa) = 

Ext* (Wu, Wu+a)- We choose u to be anti-dominant and such that /i + A is also anti-dominant. 

Then we know that ~ and W^+a = A^+a- Hence, writing : Gr^ ^ Gr for the 
imbedding, we get 

= RHom;^^^^^(W^, W^+a) 

= ^^"'^LocGO (^M- A^+a) = jt^,,+A, Vm « 0. 

Now, the condition A ^ implies that Gr^ (/i Gr^+A, for a-U sufficiently anti-dominant /i. This 
forces j^A^+A = 0, and part (i) is proved. 

To prove (ii), we first use the chain of equivalences in the first line of H3.9.5(l to reduce 
the Ext-vanishing in the category D'^ohc-ccntV^) ^ similar Ext-vanishing in the category D^{l\). 
Further, recall the algebra A = Uh k A and the triangulated category Dy^{A, A), see Notation l3.2.1l 
and definitions following it. By ProDOsition l3.9.2[ the Ext-groups are unaffected if category D^{l\) 
is replaced by ^'^''(A, A). This way, we obtain natural isomorphisms 



Ext 



G 



AN) 



' ^^*(^)) - Ext;^^^^^ {^*0^ , ^*0-^{\)) = Ext;^,^^^^ (k, , k,(A)). (9.8.9) 



Thus, we are reduced to showing that, for all z e Z, one has: Ext* (k^ , kA(A)) = 0. 

-Dy (A, A) 

To this end, we use the standard spectral sequence (|2.11.1|l for the cohomology of a semidirect 
product: 



Ext^fk,,, , Ext'( 



(A))) = E^^''^ =^ E^J = gr Ext^^+^ ^^^^ (k, , k, (A)) , 



where the group Ext^(kj^j, , — ) on the left is computed in the category of Y-graded Ub-uiodules 
such that the action of the Cartan subalgebra t C b is compatible with the Y-grading. By (an 
appropriate version of) formula (|3.3.2|l we have Ext^(k^ , k^(A))) = S(A), furthermore, the above 
spectral sequence collapses. Thus we get 



where we write [. . .]*^°^ for the zero- weight component with respect to the Y-grading. 

Recall now that the Lie algebra cohomology on the RHS above are given by the cohomology 
of the Koszul complex A'n* (g) S(A). Observe that any weight in A'n* (g) S = A'n* (g) Sym(n*[-2]) 
is clearly a sum of negative roots. Therefore, the zero-weight component of the cohomology in 
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the RHS above vanishes, since A is not a sum of positive roots, by our assumptions. Thus, 
gr ExtP„^ (k^ , kJA)) = 0, for all p G Z, and (ii) is proved. □ 

The proof of the next Lemma is easy and will be left to the reader. 

Lemma 9.8.10. The smallest triangulated subcategory in Z3p|.oj(Gr) that contains the following set 
of objects 

X { Wa , VA ^ 0; * £ , Vi/ G Y++ , £ e Verv^, (Gr)} 



coincides with the category £'p|.oj(Gr) itself. 



□ 



9.9 Proof of Theorems 19.1.41 and 19.4.31 We claim first that, for any M e D''Verv{Gr), the 
functor P' induces an isomorphism 



Ext' (l,,,Af) 

Dl>{Gr) ^ Gr' / 



Ext 



,(Af) 



(9.9.1) 



Due to Lemma [9.8.101 it suffices to prove (19.9. Ill for all objects M e X. For the objects Af — 
Wa , a ^ 0, equation (|9.9.1|l is insured by Lemma [9.8.81 For the objects M = Wa * £, where 
A e Y++ and C € Verv^^^^^{Gr), equation l|9.9.1|l follows from Proposition 19.8.51 Thus, l|9.9.1|l is 
proved. 

Now, let /X e Y and M e D''Verv{Gr). From Proposition EHH using that P(leJ = O^, we 
obtain a natural commutative diagram 



Ext" ^ (W^ , M) 



P' 



Ext 



(P'(W^) , P'(M)) 



Ext 



W_f,*(-) 

(1,^, W_,,*M) 



p' 



Ext 



t(AA) 



(P'(1,J,P'(W_^*M)) 



The vertical maps in the diagram are isomorphisms since the functors W-^^ * {—), resp. 0~ (— /i) (8) 
(— ), are equivalences of derived categories. The map in the bottom line of this diagram is already 
known to be an isomorphism, by 1)9. 9. Hence, the map in the top line is also an isomorphism. 
But, the set of objects {W^j^gY clearly generates the category D^Verv{Gr). Therefore, we deduce 
that, for any N,M G D^Verv{Gr), the functor P' induces an isomorphism 



Ext' (N, M) 

Df'(Gr) ^ ' 



Ext 



(P'(7V),P'(A/)). 



Thus, we have proved that the functor P' is fully faithful. 

To prove that P is fully faithful, we recall that the category Verv (Gr), resp., D^CohP^'^'^{Af ), 
is a mixed version of Perw(Gr), resp., of P'^hcrcnt (■^) ■ clear from the construction of the func- 
tors P and P' that one has an isomorphism of functors P' °v = v°P. Thus, using H9.2.3I) . we 
obtain, for any Af, N g D^Verv (Gr), a natural commutative square 



e 



Fxt 



■ Ext^b-pg^^(Cr)(^^> Af) 



p' 



o.-.„(^)(P(Af),P(iV)(n)) 



^(^)(P'(Af),P'(iV)) 



We have already proved that the vertical map on the right is an isomorphism. It follows from the 
diagram, that the vertical map on the left is also an isomorphism. 
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The set of objects = P'(yV^)}^gY clearly generates the category D^j^^^.^j^j (A/"). Thus, 

from Lemma [3 . 9 . 31 we deduce, using Proposition l9.8.ll that the functor P' is an equivalence. That 
completes the proof of Theorem 19.1.41 

Finally, any simple object of Coh'^{N) has the form v{T), where is a simple object of 
Co/i^^^'"(A/'). We deduce, using that P' is an equivalence and applying Lemma 13.9.31 once again, 
that P is also an equivalence. Theorem 19.4.31 is proved. □ 



9.10 Equivalence of abelian categories. We now combine Theorem 19.4.31 and Thcorcm l3.9.6l 

together, and compose the inverse of the equivalence Q' : -0^1^^^,^^^^ (A/") D^block(U) with the 
inverse of the equivalence P' : D''Verv{Gr) -D^horont (■^) ■ This way, we obtain the following 
composite equivalence of triangulated categories 

(•Q')-l _ (P')^^ 

T : D'h\ock{U) — i?fohcrc„t(-^) — D'^VerviGr). (9.10.1) 



The triangulated categories D''block(U) and D^Verv{Gr), each has a natural t-structure, with 
cores block(U) and Verv{Gr) = Vervi-mon{Gr), respectively. Below, we will prove the following 
result. 

Theorem 9.10.2. The equivalence T : Z?''block(U) D^'Perv{Gr) respects the t-structures, hence 
induces an equivalence of abelian categories V : Verv(Gr) block(U), such that VLx = ICx, 
for any A G Y. 

Remark 9.10.3. RecaU that functor 0* : Rep(G') block(U), M ^ "^M, see identifies 
Rep(G) with the full subcategory (/)*(Rep(G)) C block(U). Further, it follows from the properties 
of the functors P' and Q' proved in the previous sections that, for any V G Rep(G), the functor T 
in (|9.1U.1|I sends the U-module "^V to VV , the perverse sheaf corresponding to V via the Satake 
equivalence. Therefore, the functor T maps the subcategory 0*(Rep(G)) into the subcategory 
'Pert; ^V((3) (Gr) C Verv ^_^^^{Gr) . Thus, the restriction of T to the abelian category block(U) may 
be regarded, in view of Theorem 19.10.21 as a natural 'extension' of the functor V : Rep(G) — > 
Verv{Gr) to the larger category block(U), i.e., one has the following commutative diagram: 



Satake 
equivalence 



Rep(G) C i^^^r;^ ^ block(U) (9.10.4) 



equivalen ce 
T=p-ioQ, see 11.1.21 



Very (Gr) C il^^}^ ^ Pe™^__(Gr) 



For this reason, we use the notation V for the functor T , , (). 

' Iblock(U) 

To prove Theorem 19.10.21 we will use filtrations on triangulated categories Z)''block(U) and 
D^VerviGr), defined as follows. For any A G Y++, let _D^^block(U) be the smallest full tri- 
angulated subcategory of Z?''block(U) that contains all the simple objects G block(U) with 
H < X. Clearly, we have _D^^block(U) C D<yblock(U), whenever X < f. Moreover, the cate- 
gory Z3^^block(U)/£'^^block(U) is semisimple and is formed by direct sums of objects of the type 
Lx[k] , fc G Z. 

Similarly, let D'^^Verv be the full triangulated subcategory of D^'Perv{Gr) formed by the 
objects supported on Gr\. 
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Lemma 9.10.5. For any X e Y''"^, we have 

(i) The functor T induces an equivalence D^^Verv D^^block(U). Moreover, 

(ii) The induced functor: 

D^^J>erv / DlJ>erv — > i:>^^block(U)/L'^^block(U) 
sends the class of IC\ to the class of L\. 

Proof. We know that, for any A e Y++, the functor T sends, by construction, the object RlndB(ZA) 
into Wa- Further, fix A e Y and let w G be the element of minimal length such that the weight 
w(l\) is dominant. Then by Lemma f3.5.1l we have _R^*^'"^Indg(ZA) = ^^y^w(lX)^ ^ Weyl module, 
and for any j ^ ^{w), each simple subquotient of IndB(ZA) is isomorphic to with fi < X. 
It follows that the category Z?^^block(U) is generated by the objects |RIndB(^i')|^^^. Hence, by 

Corollary I8.3.2f ii). we get: supp T(RIndB(Zz^)) = supp Wi, C Grx. Thus, the functor T takes 
D^^block(U) into D^^Verv. Similarly, the functor T^^ takes D^^Verv into Z3^^block(U), and part 
(i) of the Lemma follows. 

To prove (ii), we use Lemma l3.5.1l that has been already exploited above. The Lemma says in 

u 

particular that in i:)*^block(U)/D°^block(U) one has an isomorphism RIndB(?A) ~ L^i^ix)[—l{w)]. 
Similarly, in D'^^Verv / D^^Verv one has an isomorphism W\ ~ IC\[—£{w)], by CoroUar v 18 . 3 . 2r ii') . 

~ , u , 

Statement (ii) now follows from (i) and the equation T(RIndB(^A)) = Wa- D 
We will need the following result on the gluing of i-structures, proved in [BBD]. 

Lemma 9.10.6. Let {D,D^^) be a triangulated category equipped with filtration such that each 
quotient category D^^/D^^ is a semisimple category generated by one object. Then there exists a 
unique t-structure on D compatible with given t-structures on each category D^^jD^^. □ 

Proof of Theorem \9.10.2l Lemma l9. 10. Sf i) implies that the functor T is an equivalence of triangu- 
lated categories which is, moreover, compatible with filtrations. Thus, the part of Theorem 19. 10.21 
concerning the t-structures follows from Lemma l9. 10.61 

Alternatively, the same thing can be proved as follows. The i-structure on D = D^'Perv{Q>r) 
is characterized by the property that, for any A G Y, the objects Aa := (jA)!C(-^^ [— dim Gta] 
and Va := (jA)*Cg^^ [— dimGrA], where j\ : Gta ^ Gr is the imbedding of the Bruhat cell 
GrA, belong to the core of the t-structure. But the object Aa is completely determined by the 
following conditions formulated entirely in terms of the filtration D^^Verv, and the t-structures on 
Dlj>erv / Dl^J>erv: 

• Aa e Dlj>erv; 

• Hom , (Aa , Verv) = 0; 

• Aa = ICx mod Verv. 

Similarly, there is a dual characterisation of the Va's. The above characterizations yield the 
compatibility of the t-structures. They imply also that "PLa — IC\, for any A £ Y. This completes 
the proof of Theorem UTTO □ 

Recall that convolution of perverse sheaves gives an exact bi-functor ★ : 'Perv_^_^^^{Gr) x 
T-ferw^vjo) (Gr) — > 'Perv^_^^^{Gr). On the other hand, note that if e Rep(G) and AI G block(U), 
then M (g)^ "^V G block(U). Thus the tensor product of U-modules gives an exact bi-functor 
® : block(U) X Rep(G) ^ block(U). 

From Theorem 19 . 1 . 21 one derives the following result. 



71 



Proposition 9.10.7. The above bi-functors ^ : block(U) x Rep(G) block(U) , and ★ : 

Verv{Gr) x 'P^fv^^^^^ (Gr) Verv{Gr) correspond to each other under the equivalences of Theorems 
\y.lU.';^ and \6.34\ that is, for any V £ Rep(G) and M £ block(U), we have: 

(i) Functorial isomorphism ViM (g) '^V) ~ VM 

(ii) Functorial vector space isomorphism H' (Gr , V{M (g) '^V)) ~ F (g) H' (Gr , VM). 

9.11 Duality and convolution. Recall that Gr = {JC) / {O) . By an Iwasawa decomposi- 
tion, we may identify Gr with a based loop group Vl, cf. [PS]. The inversion map a : g i-^ g^^ on 
that based loop group induces an auto-equivalence: Ai i~+ a*M, on D''{Gr). Let also: Ai ^-^ T)A4 
denote the Verdier duality functor on D''(Gr). The above two functors obviously commute, and we 
will write: M i — > Al^ := a*{'DM) = D(cr*Al) for the composition, an involutive contravariant 
auto-equivalence on £'''(Gr). 

The functor: Ai i-^ corresponds, via the equivalence of Theorem 16.3.41 to the duality: 
V V"^ on the category Rep(G), i.e., there is a functor isomorphism 'P{'^V'^) = (P("^M)) . In 
particular, for any A £ Y++, we have {IC\Y ~ -^C'-tuo(A): where Wo is the longest element in the 
Weyl group W. 

One has the standard isomorphism 

Hom(/:i*X, £2) =i Honi(£i, £2*(AJ'')), VCi , C2 , M E D^Gr) . (9.11.1) 

10 Quantum group cohomology and the loop Grassmannian 

The goal of this section is to prove the conjecture given in [GK, §4.3]. We put k = C. 

10.1 Equivariant coherent sheaves on Af. The group G x Gm acts naturally on the nil-cone 
A/" C (the group G acts by conjugation and the group Gm by dilations). Therefore the coordinate 
ring k' [Af] comes equipped with a natural grading, and with a g-module structure. 

We consider the abelian category of G-equivariant Z-gradcd finitely generated k[A/']-modules. 
It may be identified, since the nil-cone Af is an affine variety, with Coh'^^^'" {Af), the category of 
G X Gm-equivariant coherent sheaves on Af. 

Let e G Af he a fixed principal nilpotent element, and 3 C g ® k be the Lie algebra of the 
isotropy group of the point e G Af in G x Gm- Given a G x Gm-equivariant coherent sheaf on 
Af, let !F\e denote its geometric fiber at e. Thus, T\e is a finite dimensional vector space with a 
natural 3-action. Clearly, 2'^ — 2'^ ® {0} C 3, hence the space T\e comes equipped with a g'^-module 
structure. 

Further, we choose an 5[2-triple for e, and let t denote the corresponding semisimple element 
in the triple. Then the element t :— {t, —2) e g k belongs to 3, since ad t{e) = 2e. The action of 
the semisimple element t (or rather of the one-parameter multiplicative subgroup Gm generated 
by t) puts a Z-grading on J^jg. The action-map 2'^ ® T\e — > T\e preserves the gradings. 

Recall that G'^ is the connected unipotent group with Lie algebra 2^ ■ Any finite-dimensional 
g'^-module has a canonical G'^-module structure, by exponentiation. We write Rep'(G'^) for the 
abelian category of finite-dimensional "L-graded G'^-modules equipped with a grading compatible 
with Lie G'^-action. Thus, in the notations above, for any T G Coh'^^'^'"{Af), one has: J-\e £ 
Rep"(G'=). 
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10.2 Quantum group cohomology and the principal nilpotent. According to Proposition 
12.9.21 we liave a Hopf-adjoint action of the quantum algebra U on il. The action preserves the 
kernel of the Frobenius honiomorphism (/) : il — s- U, hence induces an U-action on u, the image of 
the Frobenius homomorphism. This gives rise to an U-action on the cohomology _ff'(u,ku). As we 
have already mentioned in t|2.11l the Hopf-adjoint action of any algebra on its own cohomology is 
trivial. Thus, the Hopf-adjoint action of U on iJ*(u,kj) descends to the quotient algebra U/(u), 
which is isomorphic to IAq via the Frobenius homomorphism. This makes iJ'(u,ku) a g-module, 
and we have 

Theorem 10.2.1 (^Kl)- Th ere is a natural Q-equivariant graded algebra isomorphism 
i7^'(u,kj) ~ k'[A/']. Moreover, all odd cohomology groups vanish: H°'^'^{u,^i,) = 0. 

For any u-module M, the cohomology H'{u,M) — Fixt'^{ku, Ad) has a natural graded 
i?'(u,ku)-module structure via the Yoneda product: Ext^(kj,ku) x Ext;^(ku,M) — > 
Ext*^-' (ku , M) . One can show that H'{u,M) is a finitely generated i/' (u, ku)-module provided 
M is finite dimensional over k. 

Assume now that M is a U-module, and view it as an u-module, by restriction. Then, 
there is a natural U-module structure on each cohomology group iJ'(u, Af), that descends to Uq, 
see [GK, §5.2]. If M is, in addition, finite dimensional then H'{u,M) is finitely generated over 
i?'(u,ku) ~ k[JV], hence each cohomology group iJ*(u,Af) is finite dimensional over k. It follows 
that the g-action on W{u,M) may be exponentiated canonically to an algebraic action of the 
group G. Thus, we may (and will) view H' (u, M) as an object of the category Coh'~^^^'" (A/"). This 
way we obtain, following [GK, §4.1], a functor 

F: Rep(U) — > Coh^''^'"{Af), M< — > H' {u,Res]jM) . (10.2.2) 

Taking the geometric fiber at e, and restricting attention to U-modulcs that belong to the principal 
block, we thus obtain the functor 

Fe : block(U) — > Rep"(G"=) , Mi — > F{M)\^ ^ H' {u, M)\^. 

The Theorem below is the main result of this section; it has been conjectured in [GK, §4.3]. 

Theorem 10.2.3. There is a canonical isomorphism of the following two functors block(U) — > 
Rep"(G'^); 

M I — y H' (Gr, VM) and M i — > (M) . 

The rest of this section is devoted to the proof of this Theorem, which requires some prepa- 
rations. 

10.3 Induction. We are going to relate cohomology over the algebras u and U. To this end, 

u 

consider the smooth-coinduction functor Ind = Ind^j . By [APW2, Theorem 2.9.1] we have 

Theorem 10.3.1. (i) Each of the categories Rep(U) and Rep(u), has enough projectives. More- 
over, in each category, projective and injective objects coincide. 

(ii) Furthermore, the functor Res : Rep(U) — > Rep(u) takes projectives into projectives, and 
the functor Ind : Rep(u) — > 7imii!dRep(U) is exact. □ 

Next, given Af^ g Rep(U), choose a projective resolution of A^^, and apply the adjunction 
isomorphism 1)2. 7. 2|) to that resolution term by term. This way, the result of Andersen-Polo- Wen 
above yields, for any € Rep(u), a canonical graded space isomorphism 

Ext;(ResA^ , iVj ~ ExtJ__^^_^(A^ , IndTVj . (10.3.2) 
We can now express the functor M 1 — > H' (u, M) in terms of cohomology of U rather than u. 
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Lemma 10.3.3. For any M G Rep(U), there is a natural isomorphism H'{u, M) = 

Proof: Write Ind IndJ;' and Res := ResJ;'. For any M e Rep(U), we calculate: 

7J'(u, M) = Ext' (Res , Res A/) 
by (|10.3.:^|l = ExtJ_ ^^^^^ {h^ , Ind(Res M)^ 
by Lemma ITO = ExtJ__^^^ (k^ , M (g) '^k[G]^ . □ 

10.4 Quantum group cohomology via the loop Grassmannian. We are going to re- 
interpret the functor F : Rep(U) — > Coh^^'^'"{Af) , M i — > H'{u,M) geometrically, in terms of 
perverse sheaves on Gr. 

Recall the setup of Theorem l7.3.1l We will prove the following 

Proposition 10.4.1. (i) There is a natural graded algebra isomorphism 

H'(u, k ) ~ Ext' (1^ , 7^) . 

(ii) For any M G block(U), there is a graded module isomorphism compatible with the algebra 
isomorphism of part (i): 

H'(u,M) ~ Ext' (1, , 7W★7^) = Ext' (TZ'' , M) . 

Remark 10.4.2. It would be very interesting to give an algebraic interpretation of the space 
Ext y (l;;, , TZ) in terms of the quantum group u, that is to find an equivariant analogue of 

G (O) 

the isomorphism of part (i) of the Proposition above. 

Proof of Proposition \1U.4.1\ The category block(U) is known [APW] to be a direct summand 
of the category Rep(U). Hence, the Ext-groups in these two categories coincide and, for any 
M g block(U), we compute 

H' (u, M) = ExtJ___^^ (k, , M (g)^ '^k[G]) (by Lemma ITOl 
= Ext' (k„ , M (E), 'f'klG]] 
(by TheoremEina - Ext;_^^^ ^^^^ (v{K) , V{M ®, \[G])'^ (10.4.3) 
(by Proposition ICTTTt = Ext;_^^^_ ^^^^ (l,^ , V M * V {\[G])j 

= Ext' (1, ,-PA^★7^) Ext' (1^ ,VM*TZ). 

This proves the isomorphism in (ii) which, in the special case M = k^, reduces to (i). 

To see that the isomorphism in (i) is an algebra isomorphism we put M :~ k in 110. 4. 3|) . Re- 
call that the cup product on H' {u, ku) (= Ext'_ (k^, '^k[G])) is known, see e.g. [GK, §5.1], to be 



induced by the algebra structure on k[G]. It follows that the cup- product on Ext^_ ^(ku 
can be defined in a way very similar to the one we have defined a product on Ext^^^^ ^(1^-^, TZ). 

Specifically, given x G Ext'_ (k^, '^k[G]), we view it as a "derived morphism" a; : k^ — > ''^k[G][i]. 
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Tensoring (over k) with this "derived morphism" gives, for any y e Ext^_ ^(k^j, '^k[G']), a compo- 
sition: 

yx:K^ Mem - (^k[G] ®, kjb'] ^ ^(k[G] ®, k[G])[z + j] ^k[G][» + j] . 

Comparison with formula (|7.2.3|l yields compatibility of the algebra structures on the LHS and 
RHS of the isomorphism in part (i). The rightmost isomorphism in (ii) is due to l|9.11.1l) . The 
Proposition is proved. □ 



10.5 Given any finite-dimensional graded G'^-module i5, we form the algebraic G-equivariant 

G -reg 

vector bundle Ind^^i? := i? x^^ G on G^\G = N . It is clear from definitions that the space 
of global regular sections of the corresponding locally free sheaf on A/^ ^ is given by the formula: 
r(7V"' , Ind ^E) ^ [E (8)-, k[G])<^' . Further, let j : TV"' ^ TV denote the open imbedding, and 

jt, (Ind^^ E) denote the direct image, which is a coherent sheaf on TV since the complement TV \ TV"' 
has codimension > 2 in TV. 

Proposition 10.5.1. (i) There is a morphism between the following two functors Rep(U) — > 
Coh'^^'^"^{N')(= category of G x G„i-sQuivariant k[N']-modules): 

F{M) = Ext;^^^^^(l,^, VM^n) r (aA, j,(lnd^,i7-(Gr, VM))) . (10.5.2) 

This isomorphism is compatible, via the isomorphism of Proposition \TU.4-.l\ with the algebra actions 
on each side. 

(ii) For any semisimple object M G block(U) the morphism 1^01.5.!^} is an isomorphism. 

Proof. Let i? be a finite dimensional G'^-module, and £ — j^,{lnd^^E) the corresponding coher- 
ent sheaf on J\f. We observe that by definition one has a canonical isomorphism of the spaces 
of global sections: r(TV"' , Ind^^E) = r(TV, £). Therefore, since k[TV"'] ~ k[TV|, one can alter- 
natively define the sheaf £ as the sheaf on TV whose space of global sections is the vector space 
T{JV"' , Ind^,£;) = (E (g), k[G])<^', viewed as a k[TV]-modulc. 

Recall next that, for any M G block(U), the hyper-cohomology H'{Gr, VM) has a natural 
graded G^-module structure. Thus, we may view this space as a finite dimensional G'^-module, 
and perform the construction of the previous paragraph. We get 

t(n, jJnd^^iJ"(Gr, VM)^ 



(since 7^ = -p(k[G])) 

(by Proposition l9.10.7|) 
(by Theorem imrni) 

Notice that the expression in the bottom line coincides with a special case of the RHS of formula 
(17. 4. 411 . Hence, the formula gives a canonical map: 

Ext;^Jl,^,7'A/*7^) Hom;^^^,(i^•(l,J,i^•(7^*PA^)) =r(AA,jjnd;:,iJ-(7'M)). 



= r (aA"" , Ind°,iJ'(Gr, VMYj 
= (k[G] H\Qr,VM)f 
= (iJ'(Gr, 7^) ®, H' {Gr, VM)y 

= (^H'{Gr,n*VM)y (10.5.3) 
= Hom;^^^^ (if-(Gr, Ij , H\Gr, TZ^VM)) . 
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It is seen easily that this map intertwines the Ext^^^^ ^(iGr' ''?-)-niodule structure on the RHS with 

the k[A/]-niodule structure on the LHS (using the algebra isomorphism Ext'^^^ ^(l,-^, TZ) ~ k[Af], 

see §7). This yields part (i) of the Proposition. 

To prove part (ii) observe that, for any simple module M e block(U), the perverse sheaf 
VM -kTZ is semisimple, by Proposition 19. 10. 71 and Decomposition theorem [BBD]. The result now 
follows from the chain of isomorphisms in (|10.5.3|1 . and Proposition l? . 4 . 5l applied to the semisimple 
object £2 = T'M ★ 7^. □ 

10.6 Proof of Theorem 111). 2. 31 Formula H1U.5.2|I gives, by adjunction, a morphism: 
j*F{M) — > Ind^^ _ff ' (Gr, T'M) . This is a morphism of Ad G-equivariant coherent sheaves 
on the orbit H ^ . Giving such a morphism is equivalent to giving a G"^-equivariant linear map 
between the geometric fibers at e of the corresponding (locally free) sheaves. Thus, we obtain a 
canonical morphism of functors d : Fe{M) = F{M)\^^ — > H {Qr, VM) . 

It remains to prove that, for any M G block(U), the morphism is an isomorphism. For M 
simple this is insured by Lemma [10.5.11 In the general case, choose a Jordan-Holder filtration: 
= Mo C Ml C . . . C Mn = M with simple subquotients Mi/Mi-i , i = 1, . . . , n , and put 
grM = Mi/Mi^i. We have the standard convergent spectral sequence: H' {u, gi M) = 
E2 =^ Eoo = gri^'(u, M) . The restriction functor of the sheaf F{M) = H'{u, M) to the 
point e being exact (since the G-orbit of e is open in A/", and F{M) is G-equivariant), the spectral 
sequence above induces a spectral sequence of the fibers: i^e(grM) grFe(M). 

Similar arguments apply to the functor: M 1 — > iJ'(Gr, VM), and yield a spectral sequence: 
E2 = H' (Gr, 7'(grM)) =4' gr_ff'(Gr, VM). Now the canonical morphism -d gives a morphism 
of the two spectral sequences. This morphism induces an isomorphism between the ii'2-terms, due 
to Lemma riO.5. II It follows that i9 is itself an isomorphism. (Equivalently, instead of the spectral 
sequence argument above, one can use that, for each i, the map •§ gives a morphism of two long 
exact sequences of derived functors corresponding to the short exact sequence: — > Mi_i Mi 
Mi/Mi-i — > . The result then follows by induction on i, by means of the five-Lemma.) □ 
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